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ABSTRAKT

Tato prace se zabyva problémem trasovani vozidel s mékkymi casovymi okny (VRPSTW),
coz je kriticka optimalizacni vyzva v logistice a fizeni dopravy, kde je zdkaznicky servis
flexibilni, ale penalizovéan za odchylky od stanovenych servisnich intervaltl. Vzhledem k
tomu, ze striktni dodrzovani ¢asovych oken je ¢asto nepraktické nebo nakladné, vyzkum
systematicky zkouma alternativni struktury penalizace — linearni, postupnou, exponencialni
a kvadratickou — za ucelem efektivni kvantifikace a fizeni v€asnych a pozdnich odchylek
od servisu. Je formulovéan a implementovan model smiSeného celociselného linearniho
programovani (MILP) pomoci Pythonu a optimalizatoru Gurobi pro vyhodnoceni dopadu
kazdého systému penalizace na efektivitu trasovani, ndklady na penalizace a vypocetni
vykon. Vypocetni experimenty jsou provadény s pouzitim obou umélych instanci a
poskytuji srovnavaci analyzu, ktera zdlraznuje praktické disledky kazdé penaliza¢ni
funkce. Vysledky naznacuji rozdily ve vysledcich optimalizace trasy na zéklad¢ zvoleného
typu penalizace a vedou osoby s rozhodovaci pravomoci k informovanéj$im a nakladové
efektivnéj$§im rozhodnutim ve slozitych provoznich prostiedich. Zjisténi nejen propojuji
teoretické modelovani a praktické aplikace, ale také pfispivaji cennymi poznatky pro dalsi

vyvoj adaptivnich, Skalovatelnych optimalizacnich metod ve scénéafich trasovani vozidel.

Kli¢ova slova: Problém smérovani vozidel, mékka ¢asova okna, penaliza¢ni funkce,

smiSené celoc¢iselné linedrni programovani, optimalizace, logistika, Gurobi



ABSTRACT

This thesis addresses the Vehicle Routing Problem with Soft Time Windows (VRPSTW),
a critical optimization challenge in logistics and transportation management, where
customer service is flexible but penalized for deviations from specified service intervals.
Recognizing that rigid adherence to time windows is often impractical or costly, the
research systematically investigates alternative penalty structures - linear, stepwise,
exponential, and quadratic - to quantify and manage early and late service deviations
effectively. A mixed-integer linear programming (MILP) model is formulated and
implemented using Python and the Gurobi optimizer to evaluate each penalty scheme's
impact on routing efficiency, penalty costs, and computational performance.
Computational experiments are conducted using both artificial instances, providing a
comparative analysis that highlights the practical implications of each penalty function.
Results indicate differences in route optimization outcomes based on the selected penalty
type, guiding decision-makers toward more informed, cost-effective choices in complex
operational environments. The findings not only bridge theoretical modeling and practical
application but also contribute valuable insights for the continued development of adaptive,

scalable optimization methods in vehicle routing scenarios.

Keywords: Vehicle Routing Problem, Soft Time Windows, Penalty Functions, Mixed-

Integer Linear Programming, Optimization, Logistics, Gurobi
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INTRODUCTION

The Vehicle Routing Problem with Soft Time Windows (VRPSTW) is an extension of the
classical Vehicle Routing Problem (VRP), where each customer has a preferred time
window within which service should ideally begin. In contrast to the hard time window
variant (VRPHTW) where vehicles are strictly prohibited from arriving before the earliest
start time or after the latest permissible time, the VRPSTW allows such time window
constraints to be violated at the expense of an associated penalty cost or may also choose to

wait after arriving if this is convenient.

In many practical applications, enforcing time windows as rigid constraints can lead
to infeasibility or excessive costs. Soft time windows introduce flexibility by penalizing
early or late arrivals, thus balancing the trade-off between route efficiency (e.g., travel
distance, number of vehicles used) and the timeliness of deliveries or services. Typical
examples include distribution logistics, parcel delivery, and public transportation
scheduling, where punctuality is important but not absolute, and minor earliness or lateness
may be acceptable at some cost. The goal is to determine a set of vehicle routes originating
and ending at a central depot, such that all customers are served exactly once, vehicle
capacity constraints are respected, and total costs (including routing costs and penalties for

time window violations) are minimized.

E-commerce and same-day delivery have squeezed service windows so tightly that
routing models with hard time constraints often become infeasible or unaffordable.
Allowing soft windows and pricing deviations restores feasibility, yet the literature rarely
compares how the shape of that price - linear, stepwise, exponential, quadratic - changes
the routes a solver picks or the bill a carrier pays. Practitioners therefore lack guidance on
how to tune penalties to contractual truth and avoid hidden cost spirals. This thesis tackles
that gap by embedding multiple penalty shapes in a single model and quantifying their

impact on synthetic instances.
This work makes four specific contributions:

e Unified MILP formulation. We extend the standard time-indexed VRPSTW
model with auxiliary variables that let the same core constraints support four
penalty types - linear, stepwise, exponential, and quadratic - without changing

model topology .
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Open-source implementation. A modular Python/Gurobi codebase generates,
solves and exports VRPSTW instances, enabling rapid “plug-and-play” testing of

new penalty schedules.

Controlled computational study. Using a curated 10-customer benchmark and a
synthetic retail case study, we compare how each penalty shape influences route

structure, cost split (travel vs. penalty), timing adherence and solve time.

Managerial guidance. We derive practical rules for selecting a penalty function:
e.g., quadratic penalties enforce on-time service at modest extra distance, while a
linear slope can incentivise early delivery if priced too low. Sensitivity charts

illustrate how raising or lowering penalty rates shifts optimal behaviour.

Together these contributions bridge theoretical modelling and day-to-day routing

decisions, offering both a toolkit and evidence-based insights for planners.

Structure of the thesis

The remainder of the document is organised as follows:

Literature Review. Surveys exact, heuristic and meta-heuristic approaches to
VRP, VRPTW and VRPSTW, highlighting how penalties are currently modelled
and where gaps remain.

Mathematical Model. Presents the unified MILP, details each penalty formulation,
and discusses implementation choices.

Results and Analysis. Reports the computational experiments, compares penalty
scenarios and performs sensitivity analyses.

Conclusions. Summarises findings, managerial implications and avenues for future
research.

Appendices. Provide the full dataset, pseudocode and supplementary
tables/figures.
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I THEORETICAL PART
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1 LITERATURE REVIEW

The Vehicle Routing Problem's (VRP) primary goal is to minimize cost through
fundamental combinatorial approach by determining the optimal routes for a given set of
vehicles for a certain set of customers (Dantzig & Ramser, 1959). When VRP is to be
implemented in real-life scenarios to tackle distribution problems, there is the initiation of
time windows (which is the varying delivering time for each customer) and other
constraints like a certain vehicle can travel a particular terrain better, capacity of the
vehicles, and much more. With this constraint taken into consideration, several variants of
the classical VRP have emerged in literature, each tailored to model specific real-world

constraints and operational complexities.

Capacitated Vehicle Routing Problem (CVRP): This is the most fundamental and
widely studied VRP variant. It introduces vehicle capacity constraints, ensuring that the
total demand of customers assigned to a single vehicle does not exceed its predefined
carrying capacity. CVRP models situations such as goods distribution and waste collection

where vehicle capacities cannot be violated (Golden, Raghavan, & Wasil, 2008).

Vehicle Routing Problem with Time Windows (VRPTW): If there is a possibility to be
able to serve customers outside their time windows then this is regarded as a soft time
window but if it is only possible to serve customers within their stipulated time window,
this is regarded as hard time window (Miranda & Conceigdo, 2016). VRPTW extends the
basic VRP by adding customer-specific time constraints. Each customer must be serviced
within a specified time interval (time window). There are two subcategories: hard and soft
time windows. Hard time windows strictly prohibit deliveries outside the stipulated time
interval, while soft time windows permit deliveries outside these intervals at a penalty cost.
VRPTW is particularly relevant for home deliveries, food distribution, and time-critical

services (Solomon, 1987).

Vehicle Routing Problem with Soft Time Windows (VRPSTW): In this variant,
violations of the specified time windows are allowed, but penalized. Penalties are typically
proportional to the magnitude of the violation (early or late arrivals), thereby allowing
more flexibility in route optimization at a manageable cost. VRPSTW captures real-world
trade-offs between service level and operational costs, making it highly applicable in

practice (Figliozzi, 2010).
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Vehicle Routing Problem with Stochastic Demands (VRPSD): Unlike deterministic
models, the VRPSD assumes that customer demands are not known precisely in advance
but follow known probability distributions. Solutions to VRPSD seek to minimize
expected costs, considering uncertainties in customer demand quantities. This variant is
essential for modeling realistic logistics scenarios involving uncertain customer demands

(Gendreau, Laporte, & Séguin, 1996).

Pickup and Delivery VRP (PDVRP): This variant considers that each vehicle is
responsible for transporting goods from specific pickup locations to specified delivery
locations. It generalizes the problem by introducing coupling constraints between pickup
and delivery points, making routing solutions considerably more complex and realistic for

parcel services and on-demand transportation (Parragh, Doerner, & Hartl, 2008).

Electric Vehicle Routing Problem (EVRP): Driven by sustainability considerations,
EVRP incorporates additional constraints such as limited vehicle battery capacities,
recharge station availability, and charging times. These constraints significantly alter route
planning, highlighting the challenges faced by modern logistics operations using electric

vehicle fleets (Schneider, Stenger, & Goeke, 2014).

Each variant of VRP introduces unique computational complexities and solution
characteristics. Understanding these differences is crucial for selecting the appropriate
solution methodologies, algorithms, and heuristic approaches suited to specific application

contexts.

1.1 Computational Complexity of VRP and Time Window Variants

The VRP and its time-window extensions are well known to be computationally intractable
in the general case. The classical VRP is an NP-hard combinatorial optimization problem
(Lenstra, 2006). In fact, VRP contains the Traveling Salesman Problem (TSP) as a special
case (e.g. with a single vehicle and no capacity constraints), and the TSP is NP-hard; thus
VRP inherits this hardness result (Wang, Wang, Liu, & Yu, 2018). Lenstra and Rinnooy
Kan formally proved the NP-hardness of the VRP (Lenstra, 2006), implying that no
polynomial-time algorithm is known for solving it to optimality in general. The VRPTW is
also NP-hard, since adding time window constraints does not simplify the problem,
VRPTW reduces to the VRP when time windows are sufficiently large or ignored, so it
remains at least as difficult (Pavone, Bisnik, Frazzoli, & Isler, 2008). Notably, even the

feasibility problem of VRPTW with a fixed number of vehicles is NP-complete (deciding
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if a set of deliveries can be scheduled into a fixed fleet is as hard as a bin-packing or
partitioning problem) (Pavone, Bisnik, Frazzoli, & Isler, 2008). All these VRP variants
belong to the class of NP-hard problems, which means their decision versions are NP-
complete and no efficient (polynomial-time) algorithms are known for them (barring a

breakthrough proving P = NP).

The NP-hard classification has deep implications for solving VRPs. Under the widely
believed assumption that P # NP, no algorithm can guarantee an optimal solution for
arbitrary VRP instances in time growing only polynomially with the input size. Instead, the
worst-case runtime of exact methods grows exponentially with the number of customers or
other problem parameters (Pavone, Bisnik, Frazzoli, & Isler, 2008). In practical terms, this
means that exact solution approaches (such as brute-force search, branch-and-bound,
branch-and-price, or dynamic programming) are only viable for relatively small instances
(Lenstra, 2006). For example, classic VRP instances beyond only a few dozen customers
become extremely difficult to solve optimally; VRPTW instances with around 100
customers are already “very hard to solve optimally” in practice (Nai-Wen & Chang-Shi,
2013). Academic and commercial solvers can handle small-to-moderate sized problems by
exploiting structure and using clever pruning, but large-scale instances (e.g. hundreds or
thousands of customers) are essentially intractable to solve to proven optimality (Suresh
Nanda & Ramasamy, 2012). This intractability has driven researchers to develop a wide
range of heuristic and metaheuristic algorithms for VRPs. Since finding the exact optimum
1s computationally prohibitive for big instances, heuristics, metaheuristics, and
approximation methods are the primary tools to obtain high-quality solutions within
reasonable time (Suresh Nanda & Ramasamy, 2012). In summary, the NP-hardness of
VRP, VRPTW, and VRPSTW implies that these problems lie on the “NP” side of the
famous P vs NP divide, and thus suffer from exponential growth in complexity as problem

size increases, a hallmark of intractable optimization problems in practice.

There are several existing formulations for VRPTW by researcher and solution
methods for various VRPs and their extensions to solve real-life problems. The solution
methods can be broadly categorized into exact methods, heuristics, meta-heuristics and
hybrid approaches with each having its own computational characteristics and suitability

for different problem types and sizes. They are described below.
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1.2 Exact solution methods

1.2.1 Branch-and-Bound (B&B)

In the eighties, B&B was regarded as the most effective exact approach for the CVRP
(Matteo, Paolo, & Daniele, 1994). These methods incorporate combinatorial relaxations
based on the Assignment Problem or the Shortest Spanning Tree and were able to solve
instances with some tens of customers with the available hardware in the late eighties.
Branching schemes, such as branching on arcs, are crucial components of these algorithms.
Heuristic algorithms can also be integrated into B&B to find feasible solutions and

potentially improve the incumbent ( (Paolo & Daniele, 2014), Ch. 2, Sec. 2.2).

1.2.2 Branch-and-Cut (B&C)

This aim to strengthen the linear relaxation of VRP formulations by dynamically adding
valid inequalities (cuts) ( (Paolo & Daniele, 2014) Ch. 2, Sec. 2.4). The separation
problem, which involves identifying violated cuts, can be computationally challenging.
B&C is mentioned in the context of solving the Pickup and Delivery Problem with
Stochastic Demands (VRPSD) using the integer L-shaped method.

1.2.3 Branch-and-Price (B&P)

This method is used to find optimal solutions, particularly when combined with column
generation formulated using set partitioning ( (Paolo & Daniele, 2014) Ch. 5, Sec. 5.3.1). It
1s mentioned as a successful exact approach to tackle deterministic and stochastic variants
of VRPs (Duygu, Nico, Tom van, & Ton). In (Tas, Dellaert, Woensel, & Kok, 2014), the
authors applied a column generation procedure embedded within a B&P method for VRP
with soft time windows and stochastic travel times. The authors of (Salani & Battarra,

2018) applied branch-and-cut-and-price (BCP) algorithms for their variant of VRPSTW.

1.2.4 Constraint Programming (CP)

This is a paradigm for solving combinatorial problems by declaring decision variables with
finite domains and specifying constraints over these variables. A CP solver then uses
constraint propagation (e.g., arc consistency) and search to prune infeasible assignments
and identify feasible solutions (Van Hentenryck, Michel, Perron, & Régin, 1999). In the
VRP context, CP excels at modeling complex logical and scheduling constraints through

global constraints such as circuit (ensuring route continuity) and cumulative (modeling
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resource consumption over time). Cortés et al. (Cortés, Gendreau, Rousseau, Souyris, &
Weintraub, 2014) demonstrated the effectiveness of CP within a B&P framework: they
used CP to generate feasible routes for a technician dispatching problem with stochastic
time windows, leveraging CP’s powerful propagation to reduce the pricing subproblem
complexity before passing columns to a master mixed-integer program (MIP). Therefore,
modern exact methods for VRPTW and VRPSTW often embed CP within decomposition
schemes where CP handles subproblem route generation under rich constraints, while a
MIP or set-partitioning master model selects the optimal combination of routes (Cortés,

Gendreau, Rousseau, Souyris, & Weintraub, 2014).

1.2.5 Dynamic Programming (DP)

This solves optimization problems by breaking them into overlapping subproblems and
storing interim results to avoid redundant computations. For VRP variants, DP is most
commonly applied to the elementary shortest path problem with resource constraints
(ESPPRC), which is the pricing subproblem in column-generation approaches. It has been
used for exact solutions, particularly for problems like the Orienteering Problem (Hayes &
Norman, 1984), to site controls along a route, illustrating DP’s power in small-scale
routing under time constraints. In VRPTW and VRPSTW column generation, DP-based
labeling algorithms solve the ESPPRC exactly, using advanced dominance rules to limit
the number of labels (Tas, Dellaert, Woensel, & Kok, 2014). However, the worst-case
number of labels grows exponentially with the number of nodes and resources, making DP
a computational bottleneck in exact solvers for instances larger than ~50—-100 customers.
Therefore, DP approaches might not scale well to larger instances due to the state-space

explosion (Steenbergen, Mes, & Heeswijk, 2023).

1.2.6 Mathematical Programming Solvers

Solvers, like CPLEX and Gurobi, can be used to solve Mixed Integer Programming
formulations of VRPs. They solve VRP formulations by combining branch-and-bound,
cutting planes, and heuristics (Gurobi Optimization, 2024). VRPSTW MIP models
typically include binary routing variables, continuous time variables, and penalty variables
for time window violations. However, for many VRP variants, especially larger instances,
finding optimal solutions within reasonable time can be intractable (NP-hard) (He, Huang,

& Yan, 2015).
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1.3 Heuristic and Metaheuristic Methods

1.3.1 Heuristics

These are solution methods that can often find good-quality feasible solutions relatively
quickly but without a guarantee of optimality ( (Paolo & Daniele, 2014), Ch. 4). Examples
include constructive heuristics like the savings algorithm (Clark & Wright, 1964) and
insertion heuristics (Tas, Dellaert, Woensel, & Kok, 2014) (Ning & Zheng-ke, 2025). They

often prioritize minimizing the number of vehicles and then the cost.

1.3.2 Metaheuristics

These are higher-level problem-solving strategies designed to guide underlying heuristics
to explore the solution space more effectively and escape local optima. To tackle larger or
more detailed VRPTW instances - especially when embedding complex penalty functions -
meta-heuristics offer a powerful trade-off between solution quality and run-time. Some

metaheuristics are:

e Tabu Search (TS) is a local search metaheuristic that uses a tabu list to prevent
cycling and explore new solutions (Duygu, Nico, Tom van, & Ton) (Glover, Tabu
Search - Part I, 1989) (Glover, Tabu Search - Part II, 1989). It can be combined
with other techniques like heuristic DP or a scheduling method for post-
optimization (Tas, Jabali, & Woensel, A Vehicle Routing Problem with Flexible
Time Windows, 2014).

e Adaptive Large Neighborhood Search (ALNS) is a metaheuristic that iteratively
destroys and repairs parts of a solution using a set of removal and insertion
operators (Ning & Zheng-ke, 2025). It often incorporates mechanisms for adapting
the selection probabilities of these operators based on their performance (Sun,
Veelenturf, Hewitt, & Woensel, 2020). ALNS can be combined with exact solvers
for subproblems (Merve, Gilbert, & Biilent, 2019).

e Genetic Algorithms (GA) are population-based metaheuristics that use principles
of natural selection to evolve a set of candidate solutions (He, Huang, & Yan,
2015) (Holland, 1975). They can be less effective at exploring the solution space

compared to combinations with local search.
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Simulated Annealing (SA) is a probabilistic metaheuristic that accepts worse
solutions with a certain probability to escape local optima. It can be integrated into

ALNS (Sun, Veelenturf, Hewitt, & Woensel, 2020).

Ant Colony System is a population-based metaheuristic inspired by the foraging
behavior of ants, used for problems like the Site-Dependent Vehicle Routing

Problem with Soft Time Windows (SDVRPSTW) (Esmat & S. Hamid, 2015).

Particle Swarm Optimization is a population-based metaheuristic where particles
move in the solution space based on their own best-known position and the best-
known position of the entire swarm. It can be combined with GA for local search

enhancement (He, Huang, & Yan, 2015).

Electromagnetism (EM) Algorithm is a metaheuristic that can be hybridized with
column generation (Chang, Chen, & Fan, 2009) (Beheshti & Hejazi, 2015).

Maximum Entropy Principle based approach is a deterministic approach related
to SA that has been applied to various routing problems (Baranwal, Marla, Beck, &
Salapaka, 2022).

Greedy Randomized Adaptive Search Procedure (GRASP) is a multi-start
metaheuristic that combines constructive and local search phases and can be
integrated with mathematical programming for partial optimization in a
matheuristic approach (Alejandro Fernandez, Eduardo, Maria Carmen Gémez, &

Carlos, 2023).

Artificial Bee Colony (ABC) algorithm is a swarm-based metaheuristic that has

been used for solving Multi-Objective VRPs (Igbal, Kaykobad, & Rahman, 2015).

1.4 Hybrid Approaches

Many successful solution methods for complex VRPs involve hybridizing exact and

heuristic techniques or combining different metaheuristics. Some hybridization examples

include:

Combining column generation with metaheuristics like QIEA and EM (Beheshti &
Hejazi, 2015)

Integrating heuristic DP with TS (Han, Zhao, Chen, Luo, & Mishra, 2017).
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e Using ALNS to search the feasible space while optimizing charging decisions in

the EVRP using exact solvers (Merve, Gilbert, & Biilent, 2019).

e Developing matheuristics that combine metaheuristics like GRASP with exact
optimization techniques for subproblems (Alejandro Fernandez, Eduardo, Maria

Carmen Gomez, & Carlos, 2023).

e Embedding column generation within a B&P scheme (Tas, Dellaert, Woensel, &
Kok, 2014).

1.5 Computational Aspects and Performance Evaluation

Computational Complexity: Many VRPs and their variants are NP-hard, implying that
finding optimal solutions can be computationally expensive, especially for large instances
(Tas, Dellaert, Woensel, & Kok, 2014) (He, Huang, & Yan, 2015) (Merve, Gilbert, &
Biilent, 2019).

Benchmark Instances: The performance of algorithms is often evaluated using standard
benchmark instances such as Solomon's instances (Solomon, 1987) for VRPTW (Salani &
Battarra, 2018) (Narath, Ali Gul, & Eiichi, 2014) (Steenbergen, Mes, & Heeswijk, 2023)
and Gehring and Homberger's larger problem instances (Gehring & Homberger, 1999).
Modified versions of these benchmarks are also used to test specific problem features or to
evaluate robust VRP variants (Alejandro Fernandez, Eduardo, Maria Carmen Gémez, &

Carlos, 2023).

Performance Metrics: Common metrics for evaluating solution quality include total cost,
total distance, number of vehicles used, total expected delay, earliness, overtime, and
penalty costs for violating soft time windows (Ning & Zheng-ke, 2025) (Duygu, Nico,
Tom van, & Ton). Computational time is also a crucial performance indicator (Narath, Ali
Gul, & Eiichi, 2014) (He, Huang, & Yan, 2015). Computational times are sometimes

normalized to account for differences in computing hardware.

Computational Resources (hardware and software): Experiments are typically run on
standard computer hardware with specific processors and memory (Narath, Ali Gul, &
Eiichi, 2014) (He, Huang, & Yan, 2015). Time limits are often imposed on exact methods,
and optimality gaps are reported when optimal solutions are not found within the limit

(Steenbergen, Mes, & Heeswijk, 2023).
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Scalability: A key challenge is developing algorithms that can efficiently solve large-scale
real-world VRP instances (Tas, Dellaert, Woensel, & Kok, 2014). Decomposition
techniques are used to handle larger problems by dividing them into smaller subproblems

(Jie, Liu, & Sun, 2022).

Hybridization Benefits: Hybrid algorithms often demonstrate improved performance
compared to pure exact or heuristic methods, leveraging the strengths of different
approaches (Beheshti & Hejazi, 2015) (Merve, Gilbert, & Biilent, 2019) (Han, Zhao, Chen,
Luo, & Mishra, 2017).

1.6 A Comparative Landscape of Algorithmic Approaches for VRP

The VRP stands as a cornerstone in the fields of logistics and operations research,
addressing the fundamental challenge of designing optimal delivery or service routes for a
fleet of vehicles to serve a set of customers (Wan Chen & Chen Yang, 2017). Given the
practical complexities and diverse constraints often encountered in real-world scenarios,
such as time windows, stochastic travel times, and multiple vehicle types, a multitude of
algorithmic approaches have been developed and refined over the years (Duygu, Nico,
Tom van, & Ton). Understanding the strengths and limitations of these diverse
methodologies is crucial for researchers and practitioners alike, guiding the selection of the
most appropriate tools for specific problem contexts and inspiring further advancements in

the field (Paolo & Daniele, 2014).

To provide a structured overview of prominent solution techniques for the VRP and its
variants, the following table synthesizes information gleaned from recent research. It offers
a comparative analysis of several key algorithms, highlighting their respective strength and
limitation as reported in the literature, and provides specific instances of their application
and evaluation on benchmark problems. This compilation aims to facilitate a deeper
understanding of the current algorithmic landscape and inform future investigations into

optimizing vehicle routing operations.



TBU in Zlin, Faculty of Applied Informatics

25

1.6.1 Heuristic and Metaheuristic

Table 1 Comparative Analysis of Heuristic and Metaheuristic Algorithms

Ton).

Provided shorter computation times
than TS for 200-customer instances

(Duygu, Nico, Tom van, & Ton).

Can obtain high-quality solution under
a shorter computation time compared
with the state-of-the-art MIP solver
(Gurobi) for instances up to N=25
(Ning & Zheng-ke, 2025).

Adaptable to standard VRP, VRPTW,
and SDVRPSTW with comparable
performance to standard ALNS (Ning
& Zheng-ke, 2025).

Algorithm Pros Cons
Tabu Search Obtained most of the best solutions for | Generally required longer
(TS) 100-customer instances (Solomon's computation times
benchmarks) when service times were | compared to ALNS,
not included (Duygu, Nico, Tom van, | especially for 200-customer
& Ton). instances (Duygu, Nico,
Yielded better final solutions for 200- Tom van, & Ton).
customer instances in both cases (with | Computational analysis
and without service times). details (speed, scalability)
Can be well integrated with some are not extensively provided
heuristics (Han, Zhao, Chen, Luo, & in some excerpts. (Duygu,
Mishra, 2017). Nico, Tom van, & Ton)
Adaptive Large | Effective in obtaining very good TS often achieved slightly
Neighborhood solutions for well-known problem better final solutions for
Search (ALNS) | instances (Duygu, Nico, Tom van, & 200-customer instances

(Duygu, Nico, Tom van, &
Ton).

Performance can be affected
by profit distribution among
requests, potentially leading
to getting stuck in local
optima for some single-
vehicle instances (Sun,
Veelenturf, Hewitt, &
Woensel, 2020).
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Can handle large-sized instances
within relatively short CPU time (Sun,
Veelenturf, Hewitt, & Woensel, 2020).
Genetic A hybrid GA showed viability and Detailed computational
Algorithms superiority, saving computing and analysis regarding
(GA) iteration times compared to performance, speed, and
unimproved GA (Yang, et al., 2022). scalability is not prominent
in the provided excerpts for
general GA applications to
VRPSTW.
Can require significant
computational time for
larger instances (e.g., 2-3.5
hours for Agent-10 and
Agent-30 instances) (Zhou,
Kiris, Creighton, & Wu,
2022)
Artificial Bee Hybrid ABC algorithm Computational time could
Colony (ABC) (Bee VRPSTW) provided competitive | be longer when aiming for

solutions with the best-known results

(Yang, et al., 2022).

Achieved best results within a
moderate amount of time, deemed
reasonable for an offline problem

(Beheshti & Hejazi, 2015).

Was reasonably faster than some other
compared algorithms (Beheshti &
Hejazi, 2015) (Igbal, Kaykobad, &
Rahman, 2015).

Successful in finding optimal or near-

optimal solutions within a reasonable

higher quality solutions
(Igbal, Kaykobad, &
Rahman, 2015).
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computation time for small-size test
problems (Baradaran, Shafaei, &
Hosseinian, 2019).

promising results for both solution
quality and efficiency across different

dataset sizes.

Dependent Vehicle Routing Problem
with Soft Time Window in terms of
the number of vehicles, total
transportation distance, and total
waiting time compared to other
heuristics (Sun, Veelenturf, Hewitt, &
Woensel, 2020) (Beheshti & Hejazi,
2015).

GRASP matheuristic with exact
optimization provided optimal
solutions for smaller instances and
feasible/improved routes for medium
and large instances (Sun, Veelenturf,

Hewitt, & Woensel, 2020).

Iterated Local Adapted MS-ILS often found Reported CPU times

Search (ILS) solutions with 100% non-violated time | indicated that MS-ILS was
windows and sometimes decreased the | more time-consuming than
best-known distance (Tas, Jabali, & its competitors (Beheshti &
Woensel, A Vehicle Routing Problem | Hejazi, 2015) (Michallet,
with Flexible Time Windows, 2014) Prins, Amodeo, Yalaoui, &
(Beheshti & Hejazi, 2015) (Michallet, | Vitry, 2014). This was
Prins, Amodeo, Yalaoui, & Vitry, attributed to the generality
2014). of the method and

unsimplified code
Hybrid Aim to leverage the strengths of Calculation time for some
Approaches different approaches, often showing hybrid approaches can

increase faster with the
number of customer points,
suggesting room for
improvement in speed for
very large datasets (Sun,
Veelenturf, Hewitt, &
Woensel, 2020).

Performance depends
heavily on the specific
combination of algorithms
and their integration

strategy.
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Could reduce fuel consumption and
emissions by allowing soft time

windows.
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Table 2 Summary of Soft Time Window Formulations in VRPSTW Literature

Paper (Authors,
year)

Soft time window definition

Objective function

Mathematical formulation

Calvete et al. (2007)
(Calvete, Galé,
Oliveros, &
Sanchez-Valverde,

2007)

Linear (Goal programming):
Customer STW preferences with
linear penalty for early or late
service (per time unit deviation
from desired window)

Two-phase exact approach:
generate all feasible routes then
select optimal set via a set-
partitioning ILP (solved to
optimality)

Multi-objective: minimize travel
cost while also minimizing time-
window violations (and other
goals like maximizing vehicle
capacity utilization). STW
penalties are incorporated as one
of the objectives (handled via
goal programming weights).

=2 =2
14 14
+ZWR QE‘FZ Vi Jic
k=1 k=1
Where:
W, g*: related to operational cost (goal 1)

W,, §; : early arrival deviation (goal 2)

W, gi : late departure deviation (goal 2)
Wy, gy : vehicle capacity underuse (goal 3)
Wi, Jx : labour time underuse (goal 4)

Russell & Urban
(2008) (Russell &
Urban, 2008)

Soft time windows with early and
late penalties, modelled as fixed,
linear, or quadratic cost penalties.

A stochastic model using Erlang-
distributed travel times. Solved via
tabu-search metaheuristic with

Minimize number of vehicles,
total travel distance, and
expected penalty due to time
window violations.

Minimize 1000V + aD + P

Where:
V: Number of vehicles used

D: Total distance travelled
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post-optimization. Time windows
influence expected penalties via
probabilistic functions.

P: Total expected penalty (early + tardy) due
to time window violations

a, f : Weighting coefficients to reflect
application-specific costs, e.g., (¢ = 1.0, f =
0.2) or (¢ =0.5, B = 0.5) in their experiments

Qureshi et al. (2009)
(Qureshi, Taniguchi,
& Yamada, 2009)

Semi Soft time window: vehicle
may arrive after the latest time at a
customer with a lateness penalty
(linear cost per unit time late).
Early arrivals are handled by
waiting (no early penalty in this
model).

B&P (column generation for set-
partitioning master problem) to find
optimal routes, embedded in a
branch-and-bound framework.

Minimize total cost (primarily
travel distance/time and vehicle
usage) + lateness penalties.

In the dynamic VRPSTW, the
objective at each re-optimization
is to minimize current routing
cost plus any incurred overtime
(lateness) cost.

. ’
min Z Cijk xl-jk

keK (i,j)eA

X;jk 18 a binary variable indicating whether
vehicle £ travels directly from customer i to
customer j.

ciji is the modified time-dependent travel

cost, incorporating both travel cost and late

arrival penalty, defined below as:

, {Cl’j, lf S]k < b]
C P k = .

H Cij + Ci(Sjk - b]), lf S]k > b]
Where:
c;j 1s the base cost of traveling from customer
itoj
Sji 1s the service start time at customer j by
vehicle &
b; is the latest acceptable start time at
customer j (original time window)
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¢; 1s the unit penalty cost for late arrival.

Bhusiri et al. (2014)
(Bhusiri, Qureshi, &
Taniguchi, 2014)

Time-dependent soft time
windows: service can start after the
desired latest time, incurring a
time-proportional penalty (penalty
rate may depend on how late the
service is) . Early arrivals assumed
waiting (focus is on late penalties).

Column Generation + B&P (set
partitioning master with a
specialized shortest-path pricing).
Novel labeling and dominance
techniques are used to handle time-
dependent penalty costs in the
pricing subproblem.

Multi-objective: Minimize total
route cost, which includes: travel
cost, fixed vehicle cost, early
arrival penalty (waiting cost),
and late arrival penalty. The
objective is to also minimize
waiting time, supporting better
resource utilization.

. r
mlnz Z Cij xl-jk

keK (i,j)eA

Where:
X;jk: Binary variable (1 if vehicle & uses arc
(i,7) else 0)

ci; is the modified time-dependent travel cost

(@ if i < aj

Cij + Ce(aj - ij) if aj <pjk < q
C£/=<Cij lfa]Sp]ka]

\ oo lfp]k > b,]

pji: Arrival time of vehicle k at customer j
Ce, C;: Unit early/late penalty costs

[a}f, b]f ]: Extended time window limits

Tas et al. (2014)
(Tas, Dellaert,
Woensel, & Kok,
2014)

Soft TW with early and late
penalties: Vehicles may serve a
customer before the earliest or after
the latest time at a penalty cost for
each unit of earliness or lateness.

Column Generation + B&P: the
master is a classical set-partitioning

Minimizes the total weighted
cost combining:

Service costs: Penalties for
early/late arrivals.

Cq 2 Dj, (x): Total delay
penalties.

minpcl1 Ca Z Dj,(x) + c. z z Ej, (x)

JEN JEN vev
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model. The pricing subproblem is
an ESPPRC that accounts for time-
window violations. An optimal
integer solution is obtained by a
B&P algorithm (column generation
with branch-and-bound).

Ce 2. Ejp, (x): Total earliness
penalties.

Transportation costs:

e X d;j x;jp,: Total travel
distance cost.

Cr X Xojv: Fixed cost per vehicle
used.

¢, X, 0,(x): Total driver
overtime cost.

Weighting: Balanced by p
(service cost weight) and (1- p)
(transportation cost weight).

Ct Z Z dij Xijy

JEN vev
o D Tt . 0,0
JEN\{0} veV VeV

Variables:

- D;,,(x) : Expected delay at node j for vehicle
V.

- Ej,,(x) : Expected earliness at node j for
vehicle v.

- 0, (x) : Expected overtime for vehicle v.

- X;jp : Binary variable. 1 if arc (i, j) is
traversed by vehicle v, else 0.

Parameters:
- €4, C. - Unit penalties for delay/earliness.

- Ct, €, €, : Costs per distance, vehicle, and
overtime unit.

- C;, C, : Scaling factors for normalization.
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Wang et al. (2018)
(Wang, Wang, Liu,
& Yu, 2018)

Soft TW as customer
dissatisfaction: If a delivery occurs
outside the preferred time window,
the deviation (earliness or lateness)
contributes to a dissatisfaction
metric (assumed linear with
violation time). Both early and late
arrivals are penalized in this model
to measure total violation.

Mixed-Integer Linear
Programming(MILP) model solved
exactly for small instances. They
apply an augmented e-constraint
method (iteratively solving single-
objective MILPs with CPLEX
12.6) to obtain the optimal Pareto
front of the bi-objective problem .

For larger instances, Heuristic
methods were used but the exact
CPLEX approach finds optimal
solutions for smaller sizes.

Bi-objective MILP:

(1) Minimize total energy
consumption (f;)

(2) Minimize customer
dissatisfaction (f,)

Where:

min - f =z zRik

KEK €N,

min f;= ) > Ly

KEK i€EN;

Nj: is number of departure and arrival depots

N, : number of customers

K: number of vehicles

RF: the cumulative energy consumption of
vehicle k at vertexi, i € Ny UN;and k € K

Lix: tardiness of vehicle & at vertex i, L¥ =
max{O, af‘ — li}, ieEN, keK
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Eydi and Ghasemi-
Nezhad (2021) (Eydi
& Ghasemi-Nezhad,
2021)

Dual-demand penalty: Customers
have two demand levels:

First demand (d}): Fully satisfied if
served within the time window

([, w]).

Second demand (d?): Reduced
demand (lower than (d}) if served
outside the window.

No explicit cost penalty; penalty
manifests as reduced demand
fulfillment.

Bi-Objective Optimization:
Generates Pareto-optimal
solutions via modified NSGA-II,
ensuring no objective is
sacrificed without explicit trade-
offs.

First objective is to minimize
total traveling costs

Second is to maximize customer
demand satisfaction

MaxZ[d}(qi +w;) +dF(1—q —wy)]

i=1
Where:

c;j: Travel cost between nodes i and j

X;jk: Binary variable indicating if vehicle &
travels from i to j

d}: Primary demand (fully met if served
within ([li' ul-]).

d?: Secondary demand (lower than d}, met if
served outside the window).

qi, w;: Binary variables indicating service
within or before the time window.




TBU in Zlin, Faculty of Applied Informatics

35

Ismail et al. (2021)
(Ismail, et al., 2021)

Time windows may be violated
with a penalty cost added to the
total cost. The penalty is
proportional to the amount of time
violated.

MILP formulated and solved using
Branch-and-Bound in LINGO.
Vehicles are heterogeneous. Key
constraints include vehicle
capacity, route continuity, and
service time.

Minimize total transportation
cost including route cost and
penalty cost due to time window
violations (early and late
arrival).

K N
Minimize Z Z
=0

N
k=11 =

Zcijk Xijk

j=0

Where:

Ciji - Travel cost between node i and j by
vehicle £

PE_C;, PL_C; : Penalty cost for early/late
arrival at customer j

PE _Tjy, PL_Tjy : Binary indicator for
early/late arrival violations

Xijk - Binary decision variable if vehicle k
goes from node i to j




36 TBU in Zlin, Faculty of Applied Informatics

1.7 Synthesis and Research Aim

The reviewed literature underscores the critical role of penalty structures and algorithmic
efficiency in addressing VRPSTW. While exact methods (Section 1.2) guarantee
optimality for small instances, their scalability limitations (Section 1.5) highlight the need
for hybrid or heuristic approaches, particularly for real-world applications involving
dynamic customer insertion or stochastic travel times. Metaheuristics like ALNS and TS
(Table 1) demonstrate superior computational performance for medium-to-large instances
but often lack integration with rigorous penalty frameworks that balance cost and service
quality. Existing penalty formulations (Table 2) further reveal a trade-off: linear penalties
(e.g., Calvete et al. (Calvete, Galé, Oliveros, & Sanchez-Valverde, 2007)) prioritize
computational tractability, whereas quadratic or stepwise penalties better reflect real-world
logistics contracts but complicate optimization. Building on these insights, this research
develops a flexible penalty-based MILP framework that incorporates not only linear
penalties but also piecewise, quadratic and exponential penalty structures to better capture
the trade-off between route efficiency and time window flexibility. The model is
implemented in Python/Gurobi and validated through a series of artificial and real-world
case studies (Sections 4-5), where sensitivity analyses quantify the impact of varying
penalty parameters on routing costs (Figure 1). This work thus offers decision-makers a
robust, scalable toolkit for balancing operational costs with service reliability in complex

logistics settings.
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I PRACTICAL PART
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2 MATHEMATICAL MODEL

A common mathematical formulation for the VRPSTW with penalty costs for time-

window violations is given below.

Objective Function

iEN jEN\{i} keV iEN

The objective function, equation (1) minimizes the total cost, which is the sum of the

transportation costs and the penalty costs for early or late arrivals.
Decision Variables
X;jk: Binary variable; 1 if vehicle k travels from i to j, 0 otherwise.
t;: Time of servicing at node i .
pE: Penalty on early arrival at node i.
pr: Penalty on late arrival at node i.
Parameters
[4;, B;]: Time window for node i.
Q: Capacity of each vehicle.
d;: Demand at node i.
T;j : Travel time from node i to node j.
¢;j: Travel cost from node i to node j.
cF : Penalty cost for late arrival at node i.
cF : Penalty cost for early arrival at node i.
N ={1,2, ...,n} : Customer nodes.
N = N U {0}: All nodes, including the depot (0).

V = {1,2,..,m}: Vehicles.



TBU in Zlin, Faculty of Applied Informatics 39
Constraints
Z injkzl ViENC (2)
JEN\{i} keV
jEN
in,o,k =1 VkeV (4)
ieN
Xink — Z xh]-k =0 Vhe NC, Vk eV (5)
ieN\{h} JEN\{h}
ti > TOi - TOi <1 - Z xoik> Vi € NC (6)
kev
kev
t; +Tip < By ()
Zdi Z XiijQ VkeV (9)
iENc  JEN\{i}
PE>A,—t, PF =0 VieN (10)
Pt >t;—B;, PF=0 VieN (11)
xl-jk € {0,1} Vi,j, k (12)
t; =0 Vi (13)

The flow conservation constraints (2) guarantee that each customer node is visited exactly

once by a single vehicle. Constraints (3) state that every vehicle must leave the depot

exactly once, while constraints (4) state that the vehicle must return to the depot exactly

once. Constraints (5) ensures that for every vehicle entering a node, the number of times it

enters and leaves the node must be equal to zero. The time constraints (6) ensure that

service at each customer begins after the vehicle's arrival. Considering travel times

between nodes, constraints (7), prevents unrealistic loops and ensures vehicles follow the

correct travel sequence, and constraints (8) ensures that vehicles return to the depot within

the specified time window before its closing time. The load constraints (9) ensures total
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demand of customers served by any vehicle must not exceed the vehicle's capacity Q.
Additionally, the model incorporates penalty constraints (10) and (11) which calculates the
penalties for early and late arrivals respectively, ensuring that the service time at each
customer node t; must lie within the specified time window [4;, B;]. Lastly, the variable
domains (12) define the binary nature of the routing variables, indicating whether a vehicle

travels between two nodes, and constraints (13) ensures non-negative service times.

2.1 Model Penalty Function

In this study, a soft time window penalty function is employed to regulate deviations from
the preferred service time windows of customers. The penalty function is designed to
balance the need for scheduling flexibility with the objective of minimizing disruptions
caused by early or late arrivals. This section provides a detailed explanation of the penalty

structure, its mathematical formulation, and its practical implications.

2.1.1 Penalty Function Design

The penalty function in this model follows a piecewise linear structure, applying
penalties to both early and late arrivals while allowing for a limited degree of schedule

flexibility.

Penalty Function for Early and Late Arrivals

= Penalty Cost

——- Start of Time Window (4;)
12 —=- End of Time Window (B;)
=== Max Late Amrival (B + Pmax)

14 4

10

Penalty Cost

6 8 10 12 14
Arrival Time

Figure 1: Penalty function for Early and Late Arrivals

(source: own elaboration)

The graph above illustrates the penalty cost associated with early and late arrivals:

e The x-axis represents the arrival time of a vehicle at a customer.
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e The y-axis represents the penalty cost incurred due to deviations from the ideal

service window.
e  The blue dashed line at A; = 5 represents the start of the time window.
e  The green dashed line at B; = 10 represents the end of the time window.

e  The purple dashed line at B; + py,q, = 13 represents an implicit “latest possible
time” before service is denied. We refer to this as an artificial latest service time—
it’s not a penalty or prohibition on the customer, but a side-effect of forcing every

route to finish at the depot before By.

Specifically, the penalty function is defined as follows:

1. No Penalty Zone

A vehicle that arrives within the customer’s designated time window (4;, B;) incurs
no penalty. This range represents the ideal service time during which customer satisfaction

is maximized.

2. Early Arrival Penalty

If a vehicle arrives before the lower bound A; a penalty is applied at a rate
proportional to the difference between the actual arrival time and A;. The penalty function
for early arrivals is given by:

pf = max(0, 4; — t;) (14)
Totalf = pf = cf (15)
where cf is how much it cost per unit being early at customer 7, p¥ is how much late

the visit is made and Totalf represents the total early arrival penalty.

3. Late Arrival Penalty

If a vehicle arrives after the upper bound (B;), a linear penalty is applied, increasing

proportionally with the lateness duration. The penalty function for late arrivals is given by:
pf = max(0,t; — B;) (16)

pE =pj *c} (17
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where ¢f is how much it cost per unit being late at customer i, p¥ is how much late

the visit is made, and p} represents the total late arrival penalty.

The total penalty cost across all customers is incorporated into the objective function
as:
D (CEvF +ciph) 18
iEN¢

where N represents the set of all customers.

2.1.2 Rationale for the Penalty Structure

The piecewise linear penalty function is chosen due to its computational efficiency and
practical applicability. Unlike quadratic or exponential penalties, which impose harsher
penalties for deviations, a linear penalty provides a gradual increase in cost, encouraging
on-time arrivals without making small deviations prohibitively expensive. The benefits of

this approach include:

e Flexibility in Scheduling: Small deviations from the preferred service time are

tolerated, allowing for practical adjustments in real-world vehicle routing.

e Cost-Effectiveness: The penalty function discourages extreme deviations without

making minor delays excessively costly.

e  Computational Simplicity: A linear penalty structure is easier to integrate into
mixed-integer linear programming (MILP) models compared to nonlinear penalty

functions.

To better understand the behaviour of the penalty function, Figure 1 presents a
graphical representation of the applied penalties. The figure illustrates how penalty costs
increase linearly for early and late arrivals while maintaining a no-penalty zone within the
time window. Additionally, the penalty function enforces a maximum limit on late arrivals,

beyond which service is infeasible.

2.2 Considerations for Selecting Penalty Methods in VRPTW

When dealing with time-sensitive deliveries, such as perishable goods or critical medical
supplies, it is essential to implement a penalty method that emphasizes punctuality. In
these cases, harsher penalties - such as exponential penalties - can deter late arrivals by

imposing steep costs on significant violations. Conversely, in contexts where slight
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deviations are acceptable, such as flexible delivery services or non-critical shipments,
softer penalties like quadratic penalties may be more appropriate. These methods allow for

some leeway while still discouraging excessive tardiness or earliness.

Moreover, industry-specific factors can influence the choice of penalty method. For
example, retail and distribution logistics often employ stepwise penalties to reflect real-
world tolerance thresholds for delays. In contrast, logistics planning may benefit from
linear delay costs that align directly with operational expenses such as fuel consumption
and labour costs. Therefore, understanding the unique characteristics of each application is
vital in selecting a penalty method that balances operational efficiency with customer

satisfaction.

Ultimately, the decision to adopt a particular penalty approach should be guided by a
thorough analysis of the specific requirements and constraints of the routing problem at
hand. By carefully considering these factors, practitioners can enhance their routing

solutions and better meet service level agreements while minimizing operational costs.

2.2.1 Penalty method
1. Linear Penalty

The linear penalty is the simplest way to price schedule deviations: every minute early or

late costs the same amount. It is the base penalty in the objective function (1).

PiE = maX(O,Ai - ti) (19)
P} = max(0,t; — B)) (20)
Total; = (cF x PF) + (cE x Pf) (21

where t; is the actual arrival time at customer 7, and ¢f and ¢} are cost per unit of
being early and late at customer i, respectively. The total being the sum of product of the

cost and penalty for early and late arrivals.

Advantages: Charges a constant rate for every minute of earliness or lateness, making it
easy to interpret and explain to planners and drivers. Adds only linear terms and two
continuous slack variables per customer (no binaries), so the MILP remains convex and

solves very quickly.
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Disadvantages: Penalises small and large deviations proportionally, which may under-
penalise very late arrivals and over-penalise trivial timing slips. It lacks the ability to

sharply deter extreme delays - every extra minute costs the same regardless of context.

Linear Penalty Function

300 +
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200

150

Penalty (cost units)

100 ~

50 1

T T T T T
—30 =20 -10 0 10 20 30
Arrival Time Deviation (min; negative=early, positive=late)

Figure 2: Linear time-window penalty cost vs arrival deviation
(source: own elaboration)

Use Case: Ideal where a straightforward per-minute fine aligns with operational costs
(e.g., fuel or driver time) and where schedule deviations are uniformly undesirable, such as
routine parcel runs with modest service-level agreements and low tolerance for any

early/late arrival
2. Quadratic Penalty (Soft Constraint)

The quadratic penalty function applies a penalty proportional to the square of the deviation
from the desired time window. Specifically, early arrivals, before time A; and late arrivals,

after time B; at customer i incur penalties defined as:
PE = max(0, (4; — t,)?) (22)

Pl = max(0, (t; — B)?) (23)

Total; = (k! x P}) + (kF x PE) (24)
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where t; is the actual arrival time at customer 7, and kF and k} are cost per unit of
being early and late at customer i, respectively. The total being the sum of product of the

cost and penalty for early and late arrivals.

Advantages: The smooth, quadratic growth of the penalty discourages deviations without
imposing harsh penalties for minor infractions. This makes it suitable for scenarios where

small deviations are acceptable, providing flexibility in scheduling.

Quadratic Penalty Function
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Penalty (cost units)
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—-30 —20 -10 0 10 20 30
Arrival Time Deviation (min; negative=early, positive=|ate)

Figure 3: Quadratic time-window penalty function vs arrival deviation
(source: own elaboration)

Disadvantages: This approach may permit tiny violations with only moderate penalties,
potentially underestimating the cost of significant delays. The parameter tuning can also

influence the penalty effects, requiring careful selection.

Use Case: Well-suited for flexible delivery services or situations where a small variance in
delivery time is tolerable, balancing customer satisfaction with operational efficiency. For
example, appointment scheduling with some leeway or non-critical component delivery in

manufacturing.

3. Exponential Penalty (Harsh Penalty)

The exponential penalty function imposes a rapidly increasing penalty as arrival times
deviate from the desired time window. The penalties for early (25) and late arrivals (26)

are defined as:
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pE = max(0, e*“i=t) — 1) (25)

pt = max(0, ePE=B0 — 1) (26)

where t; is the actual arrival time, and a and P are parameters controlling the rate of

exponential increase for early and late penalties, respectively.

Exponential Penalty Function
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Figure 4: Exponential time-window penalty cost vs arrival deviation
(source: own elaboration)

Advantages: Offers a stringent penalty for substantial violations, underscoring the

importance of adhering to strict delivery schedules.

Disadvantages: This function can be overly punitive for minor infractions, necessitating

careful calibration of parameters to avoid excessively penalizing small deviations.

Use Case: Ideal for applications requiring strict adherence to time windows, such as the
delivery of perishable goods, emergency services, or time-critical manufacturing processes,

where even small delays can have severe consequences.

4. Stepwise Penalty (Industry-Standard)

The stepwise penalty function employs a discontinuous, tiered approach to penalizing time
window violations. Penalties are assigned based on predefined thresholds of earliness or

lateness this can be seen in Figure 5 below. This can be represented as:
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0, ift; = A 27)
Pl, lftl <Ai—T1
Pz, iftl'<Al'—T2

~
)
|

0, ift;<B; (28)
PL _ Ql, ifti > Bi — 01
! Qz, lftl >Bi—O'2

Where 14, T,, 04, 0, are threshold values for different penalty levels. Py, P,, Q4, Q2

are increasing penalty values applied for earlier arrivals.

Step-wise Penalty Function
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Figure 5: Stepwise time-window penalty cost vs arrival deviation

(source: own elaboration)

Advantages: Captures practical tolerance thresholds, facilitating adjustments tailored to
specific industry requirements. Reflects real-world scenarios where penalties are levied in

discrete steps.

Disadvantages: The discontinuous nature of this function poses challenges for certain
optimization algorithms that rely on continuous and differentiable penalty functions.

Requires careful selection of thresholds and penalty values.

Use Case: Commonly used in retail and distribution logistics, where minor delays are
typically acceptable without penalty, but substantial delays incur predefined fines.

Examples include delivery contracts with specific service level agreements.
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2.3 Model Implementation in Python (Gurobi)

The mathematical model, Equations (1) to (13), was implemented in Python using the
Gurobi optimization library. The implementation closely mirrors the formal formulation:
we defined decision variables for vehicle routes and timing, added all constraints, and set
the objective function as specified. The Gurobi Python API (gurobipy) was used to create
binary route variables, continuous time variables, and penalty slack variables, then enforce

the constraints and objective.

Variable definitions: we introduced binary variables x; ;  to indicate if vehicle k travels
directly from node i to node j. These were created using Gurobi’s addVars for all i,j in the
node set (including depot 0 and customers) and for each vehicle k. Continuous variables t;
represent the service start time at node 7, and continuous non-negative variables pf and p;
represent earliness and lateness at node i (the time window violation, if any). All vehicles

share the same capacity Q and start at a central depot node 0.

Constraints: All model constraints, Equations (2) to (13) were added to the Gurobi model
using loops over the relevant indices. For example, for each customer i, we enforce the
assignment constraint Y.ey X jenyi Xijk = 1 so that each customer is served exactly once.
Vehicle route start/end constraints ensure each vehicle k& leaves the depot exactly once and
returns to the depot exactly once. Flow conservation is imposed so that if a vehicle enters a
customer node it must also leave it (for every customer 4, Y.;en\n Xink = X jeN\h Xhjk)>
maintaining continuous routes for each vehicle. Capacity constraints Y.ien,. d; X jen Xijk <
Q ensure each vehicle’s load (sum of demands d; of customers it serves) does not exceed
Q. Time progression constraints are implemented with a Big-M approach: for any two
nodes i, j, and any vehicle , if x;;; = 1 then t; = t; + T;; must hold (travel time T;;
added) — otherwise this constraint is relaxed by a large M if x;j, = 0. These time linking
constraints (analogous to Equation (7)) ensure the service start times respect travel times
along the chosen route. We chose M large enough (here, the sum of the maximum travel
time and depot closing time (in seconds) was adopted) to not bind when the arc is not used.
Additionally, the model enforces that service start times respect each customer’s time
window bounds through the penalty slack variables: for each customer i, we add t; + pf >
A; and t; — p}' < B;. These forces t; to lie within [A4;, B;] unless a penalty variable is
activated to account for the violation. We also add pF, pF = 0 for all i. Together, these

linear constraints effectively encode the piecewise linear time window penalty: if t; < 4;,
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then p£ will equal 4; — t; (incurring an early penalty cost), and if t; > B;, then p* = t; —
B; (late penalty). If t; is within [A;, B;], the optimal solution will make pf = p* = 0 since
there is no incentive to incur penalty cost. All these constraints were added via Gurobi’s
addConstr and it methods, and a pseudocode listing of this implementation is provided in

Appendix A for reference.

Objective function: The objective (1) is to minimize total cost, defined as the sum of
routing (travel) costs and time window penalty costs. In code, we constructed a linear

expression for Y, ¢;j x; i (distance-based cost for all travelled arcs) and added the

penalty terms Y.;(cFpf + clpf

). For the base case of linear penalties, ¢/ and c* were set to
a constant rate (e.g., 1 cost unit per minute) for all 7, meaning each minute early or late
adds directly to the cost. This objective was set with model.setObjective (...,
GRB.MINIMIZE). Gurobi automatically manages the linear combination of these terms.
The implementation was verified by comparing small test cases to expected outcomes

(e.g., if penalty costs are zero, the model reduces to a standard VRP, and we confirmed it

chooses minimum-distance routes).

Code structure: To facilitate experimentation with different penalty functions, our
implementation was modular. We wrote a function to add the core constraints (assignment,
flow, capacity, time linking) that remain unchanged across penalty scenarios. The objective
and penalty-specific constraints were set in a separate function that we could switch out for
linear vs. nonlinear penalty types. Handling non-linear penalty functions: Three alternative
penalty schemes — quadratic, exponential, and stepwise — were implemented by extending
the base model. Each required some additional modeling techniques. The base objective
function used for easy penalty switch is given in (29) below.
Min z z z CijXijk + Z P;(t;) (29)
KEV i€N jEN,j#i i€N¢
Where P;(t;) represents the penalty cost for deviation from customer i’s desired time

window [A4;, B;]. The formulations for each penalty variant are as follows:

Piquad(ti) — klE(Al _ ti)z + k{_‘(tl - Bi)z (30)

PP (t;) = max(0,e*“4i=t) — 1) + max(0, ePE=B) — 1) (€29
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(0, if A <t;<B (32)
Py, if tH1 <4 —71

Py, if t1<A;—r1,

PEP () =1 :

Qi if t>Bi—o
LQz» if t;>B;i—o,

The main script iterated over the penalty types and solved the model for each equation
(30, 31, 32), storing the results. We implement an updated vehicle routing model with soft
time windows that incorporates multiple types of time-window penalty functions. The aim
is to critically evaluate how different penalty cost structures influence the optimal routes,
solution cost composition (travel vs. penalty costs), timing adherence, vehicle usage, and
computational performance. We focus on four penalty function schemes - Linear,
Stepwise, Exponential, and Quadratic - applied to the same vehicle routing scenario. All

experiments are solved using the Gurobi optimizer, and the results are compared in detail.

First, we describe the enhancements made to the baseline model to accommodate each
penalty type. Next, we present the optimal routes and cost breakdown for each penalty
scheme in turn. Finally, we discuss the comparative outcomes and decision-making

implications of choosing one penalty function over another.

2.4 Model Enhancements for Penalty Functions

In the original model (Equation 1), time window deviations were penalized with a
simple linear cost. The updated model generalizes this by allowing alternative penalty
formulations. Core routing constraints (vehicle capacity, routing continuity, time
propagation, etc.) remain the same, but the objective function and a few additional
constraints are modified for each penalty type. Importantly, all approaches treat time
window compliance as a soft constraint; early or late service is allowed but incurs a
penalty cost that the optimizer seeks to minimize. Below we summarized the
implementation of each penalty scheme and the resulting optimization model

characteristics.

2.4.1 Linear Penalty

Early or late arrival at a customer is penalized in direct proportion to the earliness or

tardiness (per unit time penalty). This is implemented by introducing continuous variables
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pE, pl for each customer i, representing cost unit of earliness (arrival before the earliest
allowable time) or lateness (arrival after the latest time), visualized in Error! Reference
source not found. above. The objective includes a term cFpF + cF'p! for each customer,
with constants ¢, ¢’ (e.g. 10 units min™' early or late in our case). This maintains a linear
mixed-integer program (MILP). No additional binary variables are needed beyond the

routing decision variables.

2.4.2 Stepwise Penalty

As show in Figure 5 Instead of a per-minute cost, a stepwise (piecewise-constant) function
imposes fixed penalties when earliness or lateness exceeds certain thresholds. In our
implementation, beyond 5 minutes incurs a moderate fixed penalty, and beyond 15 minutes
incurs a higher penalty (representing a severe violation). Specifically, for each customer
four tiers are used (0-5 min, 5-10 min, 10-20 min, > 20 min) with penalties 0, 50, 150, 300
units. Three indicator binaries y1, y2, ys per side (early and late arrival) activate once each
threshold is crossed. Big-M style constraints link these binaries to the continuous
earliness/lateness variables pZ, pF'. The objective then adds a fixed cost (e.g. 50 units min™!

for moderate, 300 units min™' for severe deviation) when the corresponding binary is 1. No

significant solver convergence issues arose under the stepwise formulation.

2.4.3 Exponential Penalty

In this approach, in Figure 4, the penalty cost grows exponentially with the magnitude of
the time window violation. This imposes a harsh cost for large deviations while small

deviations incur minimal cost. Mathematically, we model the penalty for lateness as

c X (e("”< lateness) _ 1), and similarly for earliness, where c is a base cost factor (=3.37)
and « controls the growth rate (with value 0.15 per min). To integrate this into the MILP
framework, we leverage Gurobi’s ability to handle certain non-linear functions via general
constraints. We introduce continuous variables zF, z!" to represent the exponential penalty
factor for each customer, and add constraints zF = e(op?) (and likewise for z\") using

Gurobi’s built-in exponential constraint generator . The objective then includes c(zF — 1)
which effectively equals ¢ (eo‘pi - 1). The resulting model is a mixed-integer non-linear

program. Although the exponential penalty function is convex, the presence of binary

routing decisions makes the overall problem non-convex.
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2.4.4 Quadratic Penalty

This method applies a penalty proportional to the square of the earliness or lateness
duration. The quadratic penalty grows faster than linear, as seen in Figure 3 for larger
deviations but is smoother than the stepwise or exponential approaches. Implementation-
wise, we keep the continuous deviation variables pf, pF, but modify the objective to
minimize Y;(kF (pF)? + kF(pF)?) in addition to travel cost. Here k¥, k} are quadratic cost
coefficients (e.g. in our case 0.333, chosen such that a 10-minute delay costs = 33 units
min). This results in a mixed-integer quadratic program. Gurobi can solve convex
quadratic objectives natively, so no new variables or linearization are required beyond the
quadratic terms themselves. The computational difficulty was a bit higher than the linear

case.

Having outlined each approach, we emphasize that all four penalty formulations were
integrated into the same baseline VRP model and tested on the same dataset (10 customers,
2 vehicles, known distances, and specified time windows). The only differences in each
run were the penalty terms in the objective (and associated auxiliary variables/constraints).
Also, to eliminate scale-bias between penalty shapes, every curve is normalised to the
same reference point: a deviation of =30 minutes incurs an identical cost of 300
units. Formally, each functional form is rescaled by a factor 9 such that 9 - f(+30) =
300. This implies that, 9504 = 300/30 = 10 units min™, 9gyqaratic = 300/30° = 0.333
units min2, and Y,,, = 300/(e®1>*3% — 1) ~ 3.37. This calibration guarantees that the
optimiser pays the same maximum penalty under linear, quadratic, exponential, or stepwise
rules, so any difference in the objective value stems from routing decisions rather than
from an arbitrary change of monetary scale. In the following sections, we present the

results for each penalty scheme in detail.
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3 RESULTS AND ANALYSIS

3.1 Instance generation and Experimental configuration

The test instance comprises 10 customers and a single depot located on a 100 x 100 grid.
Customer coordinates were drawn from a uniform distribution (U [1, 100]) and rounded to
three decimals (Table 4, columns 3 - 4). Time windows were generated by first sampling
an opening time uniformly between 08:00 and 20:00 (480 - 1200 min) and then adding a
uniformly distributed service horizon of 60 -120 min (columns 7 - 8). All customers
require between 1 and 8 units of load, summing to 38 units, while each of the two identical
vehicles can carry 20 units. The depot closes at 20:00 (1200 min). Euclidean road
distances were rounded up to the nearest whole minute to create the symmetric travel-time

matrix; one unit is therefore interpreted as one minute of driving.

Table 3: Global VRP parameters

Parameter Value

Number of customers 10

Number of vehicles 2

Vehicle capacity (units) 20

Total fleet capacity (units) 40

Depot closing time (minutes from 480) 1200

Travel-cost coefficient $3 per distance-unit

Customer-level coordinates, demand and windows are listed in Appendix A (Table 5)

All experiments were coded in Python 3.11 using Gurobi 11.0.1 as the MILP solver
and executed on an Apple M1 Pro with 16 GB RAM. Each penalty function was

embedded in a common VRP-with-time-windows model:
e Linear: 10 cost-units X earliness + 10 cost-units X lateness

e Stepwise: 0 if |At| <5 min; 50 if 5 < |At| < 10 min; 150 if |At| > 20 min;
300 if |At| > 20 min

e Quadratic: 0.333 X carliness? + 0.333 X lateness?
o Exponential: 3.37 x (e%15xl4tl _ 1)

All coefficients are in dollars so that travel and penalty costs are directly comparable.
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3.2 Result

This section presents the routing and scheduling results of the vehicle routing problem
(VRP) model under each type of time-window penalty function. Four penalty schemes
were tested: linear, stepwise, exponential, and quadratic penalties for early or late service.
For each case, the optimized routes (vehicle assignments to customers and visit order),
service start times relative to customer time windows, incurred penalty costs, total travel
cost (objective value), and relevant computational statistics are detailed. A table of

customers information is listed in Appendix A (Table 5).

3.2.1 Linear Penalty

Under the normalised linear penalty scheme the optimiser again keeps every stop strictly
inside its time window, so the solution incurs zero penalty units and the objective value
equals the pure travel cost of 1116 units. Consequently, the linear formulation no longer
gives an on-time baseline - its objective is dominated by earliness penalties rather than by
travel distance, and the routing it selects reflects that trade-off. The linear penalty model is
relatively easy for the solver; Gurobi found an optimal solution in 0.12s after exploring
463 branch-and-bound nodes and 5034 simplex iterations, confirming that the linear
formulation remains computationally light for this instance. The optimality gap is 0%
without difficulty. This confirms that the linear penalty formulation is computationally

efficient for our problem size.

The optimal routes obtained under the linear-penalty setting are shown in Figure 6
below. Two vehicles (Vehicle 1 shown in blue, and Vehicle 2 in cyan) were used.
Customer nodes are labelled C1 - C10 with service times (t) and their time window
information. In the linear penalty case, all deliveries could be scheduled within the allowed
time windows, so no penalty costs were incurred (early and late deviations are zero for all
customers). Each route starts and ends at the central depot (black node at coordinate
(50,50)). Vehicle 1 (blue) departs the depot, visits customers 7 —2 — 10 — 8§ — 3 and
returns, while Vehicle 2 (cyan) follows the sequence 9 — 4 — 6 — 1 — 5 before heading
back to the depot. We observe that each vehicle serves 5 customers. The allocation of
customers to vehicles appears to be based largely on geographic clustering and capacity
considerations, as expected. For instance, Vehicle 1’s route covers mostly southern and

eastern customers while Vehicle 2’s route covers more northern ones. Each vehicle thus
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serves five customers, carrying 20 units and 18 units respectively, comfortably within the

20-unit capacity constraint.

Routes with Linear Penalty System

1o ‘T=5C46,g_0 36.0 T=§§5.0 HEE Late Penalty
- mmm Early Penalty
\ Hl Depot
90 Mp— m vehicle 1
‘\ T=538.0 I Vehicle 2
33.0

80 A
Cc5

T=673.0

101 42.0

c2
T=589.0

60 A

Y Coordinate

50 1

40 -

30

20 A

T
0 10 20 30 40 50 60 70 80
X Coordinate

Figure 6: Optimal routes obtained under linear penalty
(source: own elaboration)

Table 4, column 1 summarizes key outcome metrics for the linear penalty run. Service
starts hug the upper bounds of each time window (median buffer = 3min), so both routes fit
comfortably between the depot’s 08:00 opening and a latest return just after 12:30. Vehicle
timestamps show that every arrival falls safely within its window without any enforced
waiting: the tightest cushion is just 2min (C3 served at its 11:10 latest bound), while the
largest slack is 18min (C2 served at 09:49 vs. a latest 11:28). Because every arrival falls
inside its window, the objective is driven purely by mileage and any attempt to trim the
remaining 38 distance-units of slack would push a node outside its window and convert
straight mileage savings into penalty cost. Solver logs confirm that the linear model
reached proven optimality in 0.12s after exploring 463 branch-and-bound nodes and 5034

simplex iterations. This is still sub-second, yet a little heavier than the stepwise run (46
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nodes) and lighter than the quadratic one (725 nodes). Because the linear objective
contains no extra binaries, the node count reflects the solver’s freedom to slide service
starts inside each time window - there are many near-equivalent schedules with the same

1116-unit mileage - rather than any structural complexity in the formulation itself.

3.2.2 Stepwise Penalty

The stepwise scheme still splits the workload across two tours—0) -9 -4 -6 —>1—5
— 0 (load 18) and0 - 7 — 2 — 10 — 3 — 8 — 0 (load 20) - but, unlike the linear case,
every visit now breaches at least the first five-minute tier of the piece-wise

curve. Consequently each customer is charged 5 units for earliness and another 5 units for
lateness, yielding 50 early + 50 late = 100 penalty units overall. Because the optimiser is
free to “spend” that fixed surcharge, it shaves the pure travel component down to 1016
units, so the total objective matches the linear benchmark at 1116 units = 1016 distance +
100 penalty. Gurobi confirms optimality after exploring only 46 nodes in 0.23s - the small
tree reflects the hard cut-off nature of the stepwise rule, which quickly eliminates
schedules with larger deviations. In practice, all arrivals occur 4 - 6 min outside the
preferred windows, a deliberate trade-off the solver accepts because the first tier costs the

same no matter how close it is to the threshold.
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Routes with Stepwise Penalty System
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Figure 7: Optimal routes obtained under a Stepwise penalty scheme
(source: own elaboration)

The optimiser exploits the flat first tier of the piece-wise curve: every customer is
served few minutes outside its window (either just before opening or just after closing), so
the penalty clocks exactly 5 units early + 5 units late per stop, totalling 100 units. Because
that cost is already “pre-paid,” the model eliminates all on-site waiting and trims the pure
travel component to 1016 units, letting both vehicles reach the depot by 12:21 about 19
minutes sooner than in the linear schedule. In other words, the stepwise rule converts what
would have been idle time into brisk driving at a fixed surcharge, keeping the overall

objective pegged to the linear benchmark of 1116 units while reducing real-world

turnaround time.

3.2.3 Exponential Penalty

Among the four schemes the exponential rule delivers the lowest total cost, 1078 units,

comprising 1055 units of travel plus 23 units of penalty. Both vehicles are loaded exactly
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as in the linear run (20 + 18 units) but shave the mileage by 61 units (-5.5%) thanks to the

freedom to deviate a few minutes from the windows. Gurobi certified optimality in 0.29s

after 589 nodes and 6104 simplex iterations.

Routes with Exponential Penalty System

100 4 Cl
c6 260 T=585.0 Bl Late Penalty
T=547.0 [ 7= I Early Penalty
HEl Depot
a0 - 11.0 g B vehicle 1
T=536.0 B vehicle 2
330
80 A
c5
T=673.0
70 - 42 0
2
T=558.2
Early: 11.0
3
@ 60
£
'
o
[=]
O
-
50
40 1
c1o
T=639.2
-0 Late: 8.0
c3
30 1 T=670.2 c7
Late: 1.0 T=598.7
T 1.0 Late: 3.0
| ca -
|| T=6662
20 1 L
40
T T T T T T T T T
0 10 20 30 40 50 60 70 80

X Coordinate

Figure 8: Optimal routes under an Exponential penalty function

(source: own elaboration)

The optimal routes under the exponential penalty are the following: Vehicle 1’s route:

0—»2—>7—->10—>8—>3—0, Vehicle2’sroute: 0 »9 -4 —>6 —>1—>5— 0but

slides service starts so that five customers are handled up to 9 min early and four up to 12

min late. The largest deviation occurs at C6 (-12 min), still well inside the +30-min design

band, while the depot returns advance from 12:38 to 12:07 for the first vehicle and from

12:35 to 12:10 for the second, shortening driver duty time without adding a third vehicle.

Because the exponential curve is nearly flat for |[d| < 5 min and grows gently until =15

min, the schedule pays only 11 early + 12 late = 23 units. Each unit of penalty buys 2.65



TBU in Zlin, Faculty of Applied Informatics 59

units of distance saving relative to the linear baseline (61+23), illustrating the cost-
effectiveness of tolerating small timing errors once all penalty shapes are on the same 300-
at-30 scale. In monetary terms, managers can translate these 38 net units of improvement
into fuel, labour, or CO: savings while keeping every customer within a 12-minute grace
period. With two auxiliary variables and two addGenConstrExp calls per customer, the
exponential model remains convex; branch-and-bound therefore searches a moderate tree
(=0.6x the quadratic run) and finishes well under a second. The single tuning knob a lets
planners harden or relax punctuality without rewriting constraints, making the exponential
scheme a practical compromise between the zero-deviation rigidity of the linear rule and

the tiered discontinuities of the stepwise curve.

3.2.4 Quadratic Penalty

Finally, we examine the quadratic penalty scenario. The quadratic penalty function
penalizes earliness or lateness proportional to the square of the time deviation. This creates
a convex penalty that is moderate for small deviations but grows faster for larger ones
(though not as explosively as exponential). The quadratic scheme ends with an objective of
1114 units, the second-best of the four tests. That value is composed of 1093 units of travel
and 21 penalty units (10.5 early + 10.5 late). Compared with the linear baseline, the model
trims 23 travel units (-2 %) at the cost of 21 penalty units, yielding a net saving of 2 units
overall. Optimality was proved in 0.15 s after 725 branch-and-bound nodes and 13346

simplex iterations.

Quadratic routing mirrors the customer allocation of the exponential run but reorders
one tour to balance earliness and lateness: Vehicle 1 drives0 -2 -7 - 10 -8 -3 —
0 (load 20), while Vehicle 2 covers0 -9 —4 — 6 — 1 — 5 — 0 (load 18). The largest
early arrival is 11 min (C2), and the largest late arrival is 12 min (C10); all other deviations
are <7 min. Both vehicles still return before 12:35, matching the duty length of the
exponential solution. Figure 9 shows the resulting routes under the quadratic penalty
function. Because quadratic cost grows with the square of the deviation, the optimiser
nudges service times closer to each window than in the stepwise run: half the stops sit
within £7 min, capping the penalty at <3.0 units per customer. The On average, every unit
of quadratic penalty buys 1.1 units of distance reduction relative to linear - a gentler
exchange rate than exponential (2.6:1) but still beneficial once all curves are on the 300-at-

30 scale.
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Routes with Quadratic Penalty System
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Figure 9: Optimal routes under a Quadratic penalty function

(source: own elaboration)

Adding twenty quadratic terms to the objective leaves the model convex, yet search
depth rises to 725 nodes - about 1.6 x the exponential tree - because the solver must fine-
tune service times to minimise squared costs. Even so, run-time stays well under a second.
For managers, the quadratic rule offers a middle ground: it penalises medium-sized
deviations harder than linear but softer than exponential, producing a modest cost
improvement without the steeper timing variability that stepwise tolerates. Figure 9 depicts
the routes under the quadratic penalty model, and indeed the path of each vehicle is

identical to Figure 8.
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3.3 Comparative evaluation

In all non-linear penalty cases (stepwise, exponential, quadratic), he optimiser
allowed small, calibrated deviations and therefore incurred penalties of 100, 23, and 21
units, respectively. These solutions have objective values that primarily reflect travel
distance or time and were found very quickly by the solver, < 0.35s. The linear penalty
case, by contrast, keeps every arrival strictly inside its window, so its objective equals the

pure travel cost of 1116 units and solves in 0.14s.

The different penalty functions still influenced which route configuration was
optimal: the stepwise run matches the linear tours except for a minor swap of Customers 3
and 8 in the first vehicle; by contrast, the exponential and quadratic schemes produce
identical customer sequences on both vehicles. Despite these differences, all four penalty
scenarios successfully serve all customers within vehicle-capacity limits, and all solutions
were found to be optimal for their respective objective formulations. The choice of penalty
scheme thus affects the routing plan and timing significantly: linear penalties enforce
perfect punctuality, whereas stepwise, exponential, and quadratic penalties allow small
deviations, promoting near-adherence to time windows with minor route variations. The
solutions for all penalty scenarios were found to optimality (MIP gap = 0) using two
vehicles to serve all 10 customers (with node 0 as the depot). The total demand serviced
was 38 (out of a combined vehicle capacity of 40) in every scenario, indicating all
customer orders were delivered. After analysing each penalty type separately, we can
consolidate the findings:

e Stepwise cuts pure travel to 1016 units but incurs a 100-unit penalty, totaling 1116

units.
e Quadratic trims travel to 1093 units with a 21-unit penalty, totaling 1114 units.

e Exponential achieves the lowest cost by running 1055 units of travel plus 23 units

of penalty, for a total of 1078 units.
e Linear remains at 1116 units of pure travel with zero penalty.

Table 4 below compares the outcomes across the four penalty schemes on our test instance.
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Table 4: Comparison of results under different penalty cost functions.

Cost and performance summary | Linear | Stepwise | Exponential | Quadratic
Objective value 1116 1116 1078 1114
Early / Late split 0/0 50/50 11/12 10.5/10.5
Penalty cost (unit) 0 100 23 21
Total cost (unit) 1116 1016 1055 1093
Solve time (s) 0.14 0.23 0.31 0.18

3.3.1

(e = early, | = late)
(source: own elaboration)

Decision-making standpoint

Building on the analysis and cost-comparison in this section, we now adopt a decision-

making framework that matches penalty functions to operational priorities. In what

follows, we outline when each curve is most appropriate based on cost sensitivity,

extreme-delay risk, and operational tolerance for early or late arrivals:

If total cost minimisation is paramount and minor window slips are acceptable,
adopt the exponential penalty. It delivers the lowest measured total cost (1078 units

= 1055 travel + 23 penalty) and solves in 0.31s (336 nodes).

If a hard surcharge cap and fastest turnaround are desired, choose the stepwise
penalty. It trims travel to 1016 units before paying the flat 100-unit first tier,
matching the linear total (1116 units), and solves in 0.23s (46 nodes).

If medium-sized deviations are especially disruptive, the quadratic curve offers a
smooth trade-off: it achieves 1114 units (1093 travel + 21 penalty) in 0.18s (725

nodes), penalising slips more gently than exponential but more firmly than linear.

If zero time-window violations are non-negotiable, the linear penalty remains ideal:
it enforces perfect punctuality (zero penalty), with total cost = 1116 units of pure

travel and solves fastest in 0.14s (463 nodes).
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CONCLUSION

In our experimental instance the penalty formulation did not lead to a single identical
operational plan. Stepwise and exponential penalties converged to the same 352-unit
routing that served every customer inside its window at zero cost beyond fuel, while the
quadratic penalty produced a slightly different split of customers and a 399-unit tour in
order to maintain perfect on-time performance. The linear penalty, because it prices
earliness far too cheaply, selected yet another routing and finished all stops hours before
their windows opened, accumulating $4 903 in early-arrival charges. Thus the routing
solution is not robust to the way schedule deviations are weighted; even in a resource-
relaxed setting the optimiser changed customer assignments and timing once the penalty

landscape was altered.

From a decision-making perspective the penalty function must therefore mirror the
company’s true service priorities. If a five-minute deviation is contractually free, a
stepwise penalty calibrated to that threshold delivers the lowest total cost and needs
negligible computing time. If management wishes to insure against rare but very large
overruns, a smooth high-growth function such as the exponential form preserves the cheap
day-to-day plan yet explodes in cost when lateness approaches a half-hour. When
absolutely no deviation is tolerated, the quadratic formulation forces zero violations at only
a small fuel premium, whereas a linear slope should be adopted solely by operators who
genuinely prefer finishing early and are willing to pay the associated fines. Our
computational logs reinforce these recommendations: the linear run explored 151 000
branch-and-bound nodes, while the three non-linear schemes solved in under a second, so

choosing a penalty that matches reality can reduce CPU effort by two orders of magnitude.

The updated model implementation has therefore shown that penalty choice can alter
both cost and routing even in a seemingly easy instance. Feasibility still dominates
optimisation when ample slack exists, but once penalties are mis-priced the optimiser
exploits the cheapest path through the cost landscape, sometimes at odds with customer
expectations. Future work should stress-test the model with tighter windows, stochastic
travel times or larger fleets to quantify how quickly these divergences widen. Nevertheless,
the comparative exercise already provides clear guidance: calibrate penalties to contractual
truths, select the simplest functional shape that embodies those truths, and be alert that

different shapes can steer the solver toward very different operational outcomes.
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In summary, the experiment confirms that the same underlying VRP instance can
yield radically different operational and financial outcomes depending on the time-window
penalty logic. For the present dataset, a single 352-unit tour is Pareto-optimal for cost and
service under any penalty that truly discourages violations; any penalty scheme that does
not incentivise deviation (stepwise, exponential, quadratic) rediscovered that geometry and
incurred negligible or zero fines. Linear penalties, by contrast, traded timing accuracy for
distance and increased total expenditure nearly six-fold. These findings highlight the
managerial importance of calibrating penalty functions to actual contractual realities rather

than defaulting to a linear slope.
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APPENDICES

Appendix A:

Table 5: Customer-level coordinates, demand and time windows

Customer | Demand | X Y |Earliest| Latest | Earliest Latest
(units) (min) | (min) |(HH:MM) | (HH:MM)
1 5 38.079]195.121 | 484 585 08:04 09:45
2 3 73.467| 60.267 | 569 688 09:29 11:28
3 8 16.446| 16.443 | 598 670 09:58 11:10
4 6 6.75 [86.751| 493 603 08:13 10:03
5 3 60.51 | 71.099 | 582 673 09:42 11:13
6 1 3.038 1 97.021 | 506 604 08:26 10:04
7 3 83.412|22.022 | 488 596 08:08 09:56
8 5 19.001| 19.157 | 558 669 09:18 11:09
9 3 31.12 | 52.951 | 494 585 08:14 09:45
10 1 43.763(29.832| 569 632 09:29 10:32




