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ABSTRAKT 

Diplomová práce se zabývá experimentálním výzkumem vlivu konstrukce kapilárních hlav 

na velikost vstupní tlakové ztráty pro stanovení jednoosé tahové viskozity polymerních 

tavenin pomocí vysokotlaké kapilární reometrie. Testy byly provedeny pro dva odlišné 

polymery při různých teplotách, deformacích a deformačních rychlostech se specifickým 

důrazem na pochopení vlivu kontrakčního poměru (dosahovaného změnou průměru válce 

při zachování konstantního průměru kapilár o prakticky nulové délce) na generovanou 

vstupní tlakovou ztrátu taveniny rozvětveného nízkohustotního polyethylenu. Jednoosá 

tahová viskozita byla stanovena jak podle Gibsonovy a původní Cogswellovy metody, tak 

pomocí modifikované Cogswellovy metody navržené Padmanabhanem, které byly 

porovnány s nezávislými měřeními provedenými pomocí metody EVF a Sentmanatova 

elongačního reometru. Následně byly testovány celkem čtyři pokročilé konstituční rovnice 

pro pochopení jejich schopnosti popsat smykovou viskozitu a nemonotónní průběh jednoosé 

tahové viskozity. 

Klíčová slova: Tok náhlou kontrakcí, Vstupní tlaková ztráta, Kontrakční poměr, Jednoosá 

tahová viskozita, Konstituční rovnice. 

ABSTRACT 

This Master's thesis deals with the experimental research on the effects of the capillary dies 

design on the entrance pressure drop for the determination of the uniaxial extensional 

viscosity of polymer melts using high-pressure capillary rheometry. The tests were carried 

out for two different polymers at different temperatures, strains and strain rates with a 

specific emphasis on understanding the effect of the contraction ratio (achieved by changing 

the diameter of the barellu while maintaining a constant diameter of capillaries of practically 

zero length) on the generated entrance pressure drop of the branched low density 

polyethylene melt. Uniaxial extensional viscosity was determined by both Gibson's and the 

original Cogswell method, and the modified Cogswell method proposed by Padmanabhan, 

which were compared with independent measurements made using the EVF method and the 

Sentmanat extensional rheometer. Subsequently, four different advanced constitutive 

equations were tested to understand their ability to describe the shear viscosity and the non-

monotonic character of the uniaxial extensional viscosity. 

Keywords: Flow through abrupt contractions, Entrance pressure drop, Contraction ratio, 

Uniaxial extensional viscosity, Constitutive equations. 
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INTRODUCTION 

Rheology is an interdisciplinary science discipline that describes the deformation and flow 

of matter with non-standard complex behavior, which can range from the ideal viscous 

behavior of liquids to the ideal elastic behavior of solids. Rheology is important in describing 

and predicting the flow behavior of the polymer being processed and eliminating flow 

instabilities [1], designing and optimizing the production process [2] [3], and controlling or 

differentiating individual polymer lots [4][5]. The knowledge and laws of rheology are not 

only used in the processing of polymer melts, suspensions [6], solutions [7], or emulsions 

[8] but also in the processing and description behavior of various foods [9], coatings [10], 

cosmetics [11] and many other matters with complex behavior [12]. 

Viscosity is a fundamental rheological property characterizing the degree of resistance of a 

polymer material to applied external loads or the resistance of the polymer to flow during 

processing. Depending on the type of flow, which is standardly divided into shear and 

extensional, shear and extensional viscosity can be defined. During industrial processing, 

the polymer is usually subjected to a combination of shear and extensional flows. 

Extensional viscosity is usually neglected due to its imprecise experimental determination, 

simplified modeling and simulation of manufacturing processes [13][14][15]. 

However, for a better understanding of the macromolecular structure of polymers, 

optimization of process settings, design of production equipment, and prediction of unstable 

flow, accurate knowledge of extensional viscosity is essential, especially for technologies 

where extensional flow is dominant. These include blow molding, injection molding, 

extrusion, and coextrusion processes (especially for dies with converging flow channels), 

rolling, foaming, and fiber production. 

Although there are several experimental methods for determining extensional viscosity 

[16][17][18][19], only one of them allows the determination of extensional viscosity at high 

extensional strain rates, which occur in a wide range of manufacturing processes such as 

melt blown or injection molding. An undeniable advantage of this measurement technique 

is the possibility to evaluate both high-viscosity [20] and low-viscosity [21] polymer 

systems. This method is based on the entrance pressure drop measurements during the flow 

of polymer melts by abrupt contraction using a capillary rheometer [22][23]. Since this is 

not a homogeneous extensional flow and the extensional viscosity cannot be obtained 

directly, some "approximation" techniques [24][25][26] have been developed to obtain the 

extensional viscosity from the measured values. 



TBU in Zlín, Faculty of Technology 10 

 

The simplest way to obtain the entrance pressure drop as accurately as possible is to use an 

orifice die (a die having virtually zero length). However, several influences negatively affect 

entrance pressure drop measurements, which are connected with the die design when 

followed concerning correct functionality, manufacturability, rigidity, and easy assembly or 

disassembly.  

Many publications have discussed these influences and methods of their possible 

elimination. The last studies in this area have focused on the problem of filling the exit region 

of an orifice die; some of the authors who have made improvements to the design of 

commercial orifice die have been Kim and Dealy [27][28] and Zatloukal and Musil [29]. 

However, another important and many authors underestimated effect in measuring entrance 

pressure drop is emphasized by Rajagopalan [30] in his numerical study. He says that it is 

not always guaranteed that the contraction flow occurs in a steady state. Whether the melt 

reaches a steady state is primarily determined by the polymer material and the magnitude of 

the melt's total deformation during the contraction flow. 

To achieve steady-state values of extensional stresses, it is necessary to design a flow 

channel geometry that can influence the time and nature of polymer melt extension, such 

that the total strain at a given deformation rate is sufficiently high at the entrance region of 

the die orifice. 

The primary purpose of this work is therefore to investigate the effect of die design on 

extensional viscosity determination from entrance pressure drop measurements, to evaluate 

different techniques relating entrance pressure drop to extensional viscosity, and to compare 

the obtained data with experimental data obtained by other relevant experimental techniques.  



TBU in Zlín, Faculty of Technology 11 

 

  THEORY 

 

  



TBU in Zlín, Faculty of Technology 12 

 

1 INTRODUCTION TO POLYMER MELT RHEOLOGY 

At the Third Plasticity Symposium in December 1928  [31], it was decided that due to the  

need to characterize the non-standard behavior of newly emerging complex matters [16][32], 

it is necessary to establish the society to deal with these problems (the future Society of 

Rheology was officially established in 1929). This conference thus formally give rise to a 

new interdisciplinary science that combines the foundations of physics, chemistry, materials 

engineering, and other branches of science [19]. At the suggestion of Prof. Bingham, a 

colloidal chemist who had long been involved in plastic flow [23], the name "Rheology" 

[33][34] (the root "Rheo" means flow in Greek) [19] was assigned to this branch of science, 

which studies deformation and flow of matter. 

Rheology has not been concerned with the study of electron flow and heat flow since its 

inception [35], nor with purely hydrodynamic, aerodynamic, or problems associated with 

classical elasticity theory because they were sufficiently addressed in separate branches of 

physics [35][36][37]. The flow behavior of polymeric materials is one of the main areas of 

interest for Rheologists. 

1.1 A short review of Continuum Mechanics 

The main subject of rheology is the study of how the flow properties of matter are influenced 

by their structure (composition) or temperature and pressure [3][38]. Furthermore, 

investigate and develop relationships between the applied stress (state), the resulting 

deformation/strain (geometry change), and the deformation/strain rate (kinematics) of the 

loaded material at a given point [38]. The mathematical formulation of such relationships is 

called the constitutive equation (see Chapter 4) [16][19]. 

The following subsections will briefly discuss basic rheological parameters and relationships 

using continuum mechanics (where a continuum is a matter, a body with a continuous 

medium [39]). These parameters are detailed in publications such as [3][16][19][35] 

[38][40][41]. 

1.1.1 Stress (Stress Tensor)  

Stress is a physical quantity of continuum mechanics that characterizes the state of the 

continuum and is induced by external forces [42]. However, this is not the case for 

heterogeneous materials (e.g., filled polymers, blends) where residual or thermal stresses 
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may be generated [19]. Stresses can also be defined as the interaction of one part of a 

continuous medium between adjacent ones utilizing internal forces [16][38][42]. 

 

Figure 1 Stress components and velocity vectors of a cubic material element dx dy dz in 

the Cartesian coordinate system (x, y, z) (adapted from [2][3][41][43]) 

From the visualization shown (Fig. 1), it can be concluded that stress is a second-order tensor 

quantity that describes the stress state of a solid with up to nine stress components, three 

normal ( ), ,xx yy zz    and six shear ( ), , , , ,xy yx xz zx zy yz      . Each stress component has two 

indices, the first indicating the direction of the normal to the surface on which the stress is 

applied and the second indicating the direction of its application [19]. The total stress tensor 

  with the standard continuum mechanics convention (normal stress τxx is positive and 

pressure p is negative) [16][19], according to the following equation: 

 

xx xy xz

yx yy yz

zx zy zz

p

p

p

  

   

  

 −
 

= − 
  − 

,                (1) 

where p is the isotropic pressure (for incompressible materials, which practically include 

polymer melts, the pressure p is a constant) [44]. The tensor  is so-called symmetric since 

its matrix is symmetric along the main diagonal. If the indexes of the stress components  

(e.g., xy ⟹ yx) are exchanged, their values do not change (combined shear stress 
xy yx = ). 

Hence, due to symmetry, tensor  can be expressed by only six independent components 

[38][35]. The matrix notation of stress (Eq.1) without the presence of pressure p  

is called an extra stress tensor   [45].  
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1.1.2 Deformation (Strain Tensor) 

Deformation (strain) is a change in the shape of a body in space caused by an external force 

in which the distance of individual points within the body changes [16][19]. Volumetric 

changes in the shape of a solid can also be expressed by the extension ratio ER , which 

indicates by what proportion the solid has been extended [19]. 

 

Figure 2 Visualization of deformation, displacement of two arbitrary points A 

and B (characterized by radius vector Ar , Br ) of the body to the new position 

A' and B' (characterized by radius vector 'Ar , 'Br ), and the change of the 

infinitesimally small distances ds to ds' between them (adapted from [19]) 

Fig. 2 shows the infinitesimal distances ds of two arbitrary points of the unloaded body A 

and B. After strain, these points move to new positions A' and B' with their new again 

infinitesimal distance ds  [19][38]. The following equation gives the scalar deformation   

sometimes called as “engineering strain”  

 
ds ds

ds


−
= .                (2) 

However, the strain as a measure of the change in distance between points A and B can, like 

the stress (see Section 1.1), be written in tensor form (coordinates , ,x  y  z ) with six 

independent strain components   

 
1 1

2 2

j y yi x x z z

j i i j i j i j

u u uu u u u u

x x x x x x x x


      
= + + + +

       

   
   
   

,                (3) 
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where the values 
iu  and 

ju  (where i, j = x, y, z) represent the components (projections) of 

the displacement vector u ( Au or Bu ), which can be defined as the movement of point A 

(or B) to its new position A' (or B') [19]. At small deformations (<< 1), it is possible to 

simplify (Eq. 3) by linearizing it and obtaining only the derivative term (the first right-hand 

term in Eq. 3) [42]. Such a tensor is called the small or infinitesimal deformation tensor d  

 

1 1

2 2

1 1

2 2

1 1

2 2

yx x x z

y y yx z

yxz z z

uu u u u

x y x z x

u u uu u
d

x y y z y

uuu u u

x z y z z

       
+ +    

       
 

       
= + +    

        
 

     
+ +           

,                (4) 

where, the first row of the symmetric tensor represents the components of small deformation 

in the x  axis direction, the second in the y  direction, and the third in the z  direction. On 

the main diagonal are the components of tensile (normal) deformation, and the other 

components describe the change in angle (shear deformation) [19]. 

From a quantitative point of view, the deformation can be detected using the gradient of the 

relative displacement g , sometimes also referred to as u (  is the nabla operator that 

expresses the maximum change of the given quantity). The g  is a non-symmetric tensor 

quantity that nine dimensionless components can describe [16][19][38] 

 ( )
1 1

2 2

j ji i

j i j i

u uu u
u g

x x x x

     
 = = + + −            

.               (5) 

The (Eq. 5) shows that the gradient of the relative displacement is composed of two parts: 

the deformation d and the rotation   

 g d = + .                (6) 

The tensor rotation   is again a second-order tensor quantity that describes the rotation of 

infinitesimal volumes inside a body [19]. 
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1.1.3 Deformation rate (Deformation Rate Tensor) 

The strain rate describes the kinematics (motion) of the loaded body. In Fig. 1, a cubic 

material element dx dy dz can be observed in the Cartesian coordinate system (x, y, z) whose 

motion is characterized by the velocity vector components v (vx, vy, vz) [2][40].  

The maximum change in the velocity vector v  in a given direction is determined by the 

velocity gradient L , sometimes also called v [16]. It is about a second-order tensor 

quantity that can be expressed using the time derivative of the gradient of the relative 

displacement g  (Eq. 5) [19][35][40] 

 ( ) i i i

j j j

gv u u
v L

x x t t x t

     
 = = = = =              

.                (7) 

For completeness, the transposed velocity gradient 
T

L  [35] is as follows: 

 ( )
T T j

i

v
v L

x


 = =


.                (8) 

As well as the relative position gradient g , the velocity gradient L is a second-order tensor 

quantity described by the nine-component: 

 
1 1

.
2 2

j ji i

j i j i

v vv v
L

x x x x

     
= + + −            

                (9) 

The tensor L  consists of two parts: a symmetric strain rate tensor D , and an unsymmetrical 

rotation tensor W  

 L D W= + .                (10) 

The symmetric strain rate tensor, D , for small deformations, characterizes the changes in 

the shape of the body at a given point [19] and is indicative of the intensity and type of 

polymer flow 

 

1 1

2 2

1 1

2 2

1 1

2 2

yx x x z

y y yx z

yxz z z

vv v v v

x y x z x

v v vv v
D

x y y z y

vvv v v

x z y z z

       
+ +    

       
 

       
= + +    

        
 

     
+ +           

,                (11) 
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the main diagonal contains the tensile strain rate components (see Section 2.1), and the other 

position are the shear strain rate components (see Section 2.2) [2][40].  

1.2 The Deborah (De) and Weissenberg (Wi) numbers 

The Deborah number (De) is a dimensionless quantity and one of the important parameters 

of rheology [16][35][46]. It serves to provide information about the effect of time on the 

change in shape (deformation) or flow of a particular material [47] and, therefore the 

characterization of the behavior of matters [12][48]. The De was defined by Marcus Rainer 

based on a biblical hymn (psalm) sung by the prophetess Deborah after her victory over the 

Philistines: “The mountains flowed before the Lord” (Judges 5:5) [34]. It is important to note 

here that Rainer used this exact passage from the 1611 King James Version of the Bible. 

There are many publications and analyses that address the question of whether the translation 

of the archaic Hebrew passage used is correct. There are tens of other translations which, for 

example, instead of “the mountains flowed,” say “the mountains trembled before the Lord,”  

[49]. This passage's illustration (Fig. 3) is given in the original archaic Hebrew. 

 

Figure 3 The original text of the passage in Biblical 

Hebrew. It is read from right to left  (adapted from [49]) 

The publication [49] discusses in detail the correctness of the translation used by Rainer and 

compares different translations and opinions. The conclusion of the paper [49] is that the 

translation used by Rainer is grammatically correct, but not in the complete same sense.  

The passage (Fig. 3) inspired Rainer, and he realized that from the perspective of the infinite 

observation time of God, "the mountains flow", although, from the perspective of mortal 

man's time, they appear rigid [34][50]. Deborah's number, De, can thus be defined by the 

following equation: 

 De


=


.                (12) 
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Relaxation time   is a material parameter that characterizes the stress relaxation after 

deformation or flow [18][46] and characteristic flow time   is always tied to the process  

[16][48].  

In addition to De, another dimensionless quantity, the Weissenberg number (Wi), can be 

used to characterize the viscoelastic behavior, which can be defined for steady shear as 

follows: 

 Wi = ,                (13) 

where λ is the characteristic time scale and   is the characteristic shear strain rate [48][51]. 

 

Figure 4 Distribution of the flow/deformation behavior of matter using Pipkin map, with 

the use of dimensionless quantities Deborah's number De and Weissenberg's number Wi 

(adapted from [52]) 

Although according to De the behavior of matter appears to be Newtonian, the magnitude of 

the applied deformation also influences its behavior. At high shear strains  , this behavior 

is nonlinearly viscoelastic, as illustrated by the Pipkin map (Fig. 4), which separates the 

behavior of matter in this view for “oscillatory steady-state shear flows” [46]. As can be seen 

from Fig. 4, the Wi can be expressed as the ratio of two strain rates when considering shear  

steady-state flow. If Wi ≫ 1, it is a nonlinear viscoelastic behavior, conversely, when  

Wi ≪ 1 the behavior is linearly viscoelastic [51][52].  

From the above, it is possible to conclude that the viscoelastic behavior of the investigated 

matter is not only determined by the time aspect (defined by De) but also by the deformation 

aspect (defined by Wi). 
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2 SHEAR AND EXTENSION FLOW (BASIC FLOWS) 

Shear and extensional flows are among the basic (standard) flows in polymeric materials' 

rheological measurements and manufacturing processes [18]. In most processing processes, 

polymer flow is composed of a combination of shear and extensional; mostly, one type 

dominates and thus controls the flow [44]. 

2.1 Shear flow 

Shear flow is the most discussed flow across rheology and is considered the easiest flow to 

achieve in laboratory measurements [18][53]. The shear flow or shear deformation of a unit 

melt element considered from an incompressible material is demonstrated in Fig. 5 [44][45]. 

 

Figure 5 Schematic definition of shear flow/deformation of a melt element starting at time

1t  and ending at time 2t caused by force ( xF ) action in the x-axis at neglecting the rotation 

of the element (adapted from [41][43][44]) 

The deformation of an element (Fig. 5) is caused by an unknown load starting at time 1t  

(when the body is at rest) and ending at time 2t . The resulting angle that is clamped between 

the edge of the deformed element and the y-axis is referred to as the shear strain   [41][45] 

and is mathematically written as follows: 

 ( )2 1t t = − ,                (14) 

where   is the rate of shear deformation (shear rate), and the bracket ( )2 1t t−  characterizes 

the time interval over which the deformation occurs [3]. 

A simple shear flow of a melt element is generally defined and labeled according to Fig.5. 

Its characteristic feature is a constant melt velocity in the direction of the streamline (x-axis 
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Fig. 5), and a change of this velocity in one direction perpendicular to it (y-axis Fig. 5). An 

axis with no change in velocity is referred to as neutral (z-axis Fig. 5) [3][18]. 

The velocity profile for simple shear flow according to the above convention can be given 

as follows: 

 ,  0,  0x y zv y v v= = = ,                (15) 

where   can be a constant or time-dependent ( )t  (oscillatory shear flow [52]) [45]. If the 

  is time-independent in shear flow, one can speak of a so-called steady, simple shear flow 

for which the stress responses are time-independent [37] (see Section 2.1.1). 

For a steady, simple shear flow, the general tensor of the strain rate D  (Eq. 11) can be 

transformed into the following form based on the velocity field given above (Eq. 15) 
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.                (16) 

The total stress tensor  , for an incompressible polymer melt can again be adapted from 

the general form   (Eq. 1) for steady, simple shear flow to the following form: 
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During the shear flow of viscoelastic liquids such as polymer melts, normal stress 

components are generated. There are two normal stress differences: first, 1N  and second  

2N , [18] defined as follows: 

 ( ) ( )1 xx yy xx yyN p p   = − − − = − ,                (18) 

 ( ) ( )2 yy zz yy zzN p p   = − − − = − .                (19) 

The 1N  usually achieve higher positive values. On the contrary 2N  takes negative values and 

reaches smaller values than 1N  (about 5 to 30 % of the magnitude of 1N ) [16]. Thus, in a 

typical shear flow measurement, three nonzero stress quantities (sometimes referred to as 
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extra stresses) are detected: the shear stress ( ),  see Section 1.1xy yx =  and the first 
1N  

and second 
2N  normal stress differences [18]. 

2.1.1 Material functions for steady shear flow 

For a complete characterization of the steady shear flows of the measured polymer material, 

three dependencies of the material function on the constant shear rate (  = const.) are 

needed. These functions are sometimes also referred to as viscometric functions ( see Section 

2.1.2) [54]. 

These functions include the dependence of shear viscosity on shear rate  , which at low   

is directly proportional to   and is referred to as "zero shear rate (Newtonian) viscosity" 0  

[38] defined as: 

 xy = .                (20) 

Others are the dependence of 1N  and 2N  on the shear strain rate  . Since 1N  and 2N  are 

directly proportional to the second-order shear rate ( )2  these quantities are expressed by the 

so-called normal stress difference coefficients (first 
1  and second 

2 ) [46] 

 ( ) 1
1 2

N
 


= ,                (21) 

 ( ) 2
2 2

N
 


= .                (22) 

For completeness, the results from the measurements of transient shear viscosity growth on 

time ( ),t +  at constant   (startup test - shear viscosity growth) [38][54] and also the transient 

first normal stress difference coefficient ( )1 , t   [55] will be presented as the example. These 

measurements [54] for PS within shear strain rate range   (0.5 - 452) s-1 and 180 °C (these 

values were time and temperature shifted from the values of   (0.2 - 47.16) s-1 and 

temperature 160 °C) are provided in Figs. 6, 7. From Fig. 6 it can be generally inferred that 

as  increases, the time taken for the shear viscosity to stabilize decreases, furthermore 

significant overshoot and slight undershoot can be observed as   increases [54][55]. The 

next figure (Fig. 7) shows the corresponding steady-state values of   and 
1  . These data 

were also compared with the numerical prediction of the DEIA model, as can be seen in Fig. 

7, which was the subject of the discussed work [55].  
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Figure 6 Shear stress growth coefficient ( ),t +  and first normal stress growth 

coefficient ( )1 t  versus time t for PS melt at 180 °C with DEIA model predictions 

(taken from [55]) 

 

Figure 7 Steady-state shear viscosity   and steady-state first normal stress coefficient 

1  versus shear rate for PS melt at 180 °C (square symbols shift data from 160 °C to 

180 °C) with DEIA model prediction  (taken from [55]) 

2.1.2 Types of Steady Simple Shear flows  

The steady shear flows of the processed or measured polymer material can generally be 

divided into two basic flow types according to the generation mode. These are drag and 

pressure driven flow [3][16][53] or their combination, which can occur, e.g., in polymer melt 

flow inside a screw extruder or melt blown technology [2][56][50]. 
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Figure 8 The steady shear flows in the simplest flow domains (adapted from [3]). Drag 

flow: a) between parallel plane, b) between coaxial cylinder, c) between cone a plane,  

d) parallel disk flow. Pressure driven flow: e) cylinder channel, f) between two parallel 

planes, g) annular channel  

Drag flow occurs when the polymer material is sheared between two surfaces, one moving 

and the other is permanently stationary. The Fig. 8a-d shows the drag flows in the basic 

(simplest) geometries together with the velocity profiles (possible wall slip is not considered) 

[3][53]. In this type of flow, homogeneous deformation occurs, which means that all flow 

lines have the same shear strain rate  , and the resulting shear stress   does not depend on 

the position in the flow domain (if the flow conditions assumed to be isothermal) [53]. 

In the case of pressure-derived flow (pressure flow), the polymer material starts to flow due 

to the pressure difference along the length of the closed channel. The Fig. 8d-g shows 

pressure flows in simple flow geometries together with velocity profiles (again, possible wall 

slip is not considered) [3][53]. For pressure gradient-induced flow, inhomogeneous 

deformation occurs, with each flow line having a different shear strain rate, which is most 

prominent at the wall and most minor in the middle of the flow domain [53]. 

It is essential to mention that both types of steady shear flow, i.e., homogeneous (drag flow) 

and non-homogeneous (pressure flow), are classified as viscometric flows. Their behavior 

is determined by the three material or viscometric functions mentioned above (Section 2.1.1) 

[3][53]. Methods for the experimental determination of these functions are generally 

described in publications such as [16][17][19][46]. 
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2.2 Extensional flow 

In pure extensional or elongation flows, the melt element is stretched in the streamline’s 

longitudinal direction without shear components (shear-free flow). The velocities (distances) 

of the melt particles on the same streamline change only in the direction of flow during 

extensional flow [53].  

Knowledge of extensional flows is important for many polymer material processing 

processes. Further, they can also provide information about the branching of long polymer 

chains that shear measurements cannot reveal [14][38]. Typically (basic), three steady-state 

extensional flows are distinguished: uniaxial, biaxial, and planar extensional flow. 

Extensional flows are characterized by large extensional deformations (strain)  , which can 

be determined for the “1D cases” (typical for direct stretching, e.g., FSR see Section 2.2.5) 

along the general length l using the following differential equation: 

 
1

d dl
l

 = .                (23) 

Solving this differential equation gives the following equation: 
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 
 ,                (24) 

where 0l  is the original length of the element, and l is the length after deformation, H  is the 

so-called Hencky strain (total extensional strain), which is widely used for large extensional 

deformations, polymer melts, and rubber materials, ER  is the extension ratio (mentioned 

already in Section 1.1.2) [17][57]. 

Figs. 9 -11 show basic steady-state extensional flows. In these cases, the incompressible melt 

element is deformed in the time interval ( )2 1t t− , similar to shear (where 1t  is the beginning 

and 2t  is the end). The resulting total Hencky deformation H  can be expressed using the 

following equation:  

 ( )2 1H t t = − ,                (25) 

where   is the rate of extensional deformation (extensional rate) [44], sometimes also 

referred to as the Hencky strain rate H  (in this thesis, will be H = ) [19][57]. 

In general, the velocity field for different steady-state extensional flows can be described 

using the convention in the Cartesian coordinate system (x, y, z) introduced by  
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Meissner et al. [58], which uses the parameter m [16][17][59]. According to the following 

equation: 

 ( ),  ,  1x y zv x v my v m z  = = = − + .                (26) 

2.2.1 Uniaxial Extensional Flow 

Uniaxial flow is the simplest steady-state extensional flow, in which the melt element is 

stretched (by the force Fx) in one direction only (x-axis direction) and contracted in the other 

two directions (y and z directions), as can be seen in Fig. 9. The visualization also beautifully 

demonstrates the change in distance or velocity of two adjacent material particles [60]. 

 

Figure 9 Uniaxial extensional flow of polymer melt element (adapted from [43][60]) 

According to the above convention for uniaxial extensional flow, the parameter m = – 0.5 

[16][45]. Then, the general velocity field (Eq. 26) for uniaxial extensional flow can be 

overwritten as follows: 

 
1 1

,  ,  
2 2

x y zv x v y v z  = = − = − .                (27) 

The uniaxial extensional rate tensor D  can be expressed after modifying the general relation 

(Eq. 11) as follows: 
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.                (28) 

The above matrix (Eq. 28) shows the validity of the law of conservation of volume since the 

sum of the diagonal components of the uniaxial extensional flow is zero. The positive 

components demonstrate the stretching of the melting element in a given direction. Negative 
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components, on the other hand, show shrinkage of the material in a given direction. This is 

also true for other steady extensional flows [45]. 

The general total tensor stress   form (Eq. 1) for all basic extensional flows can be given 

as follows: 
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In the case of uniaxial extensional flow, there is only one non-zero normal stress difference, 

which is the uniaxial extensional stress 
,E U  

 ( ) ( ) ( ) ( ),E U xx yy xx zz xx yy xx zzp p p p        = − − − = − − − = − = − . (30) 

For steady-state extensional flows, the main property or material parameter is the extensional 

viscosity E , which expresses the resistance of the liquid against to the applied extensional 

flow [14][61][16]. Uniaxial extensional viscosity 
,E U  can be determined from the following 

equation: 

 
,

,
xx yyE U

E U

 


 

−
= = .                (31) 

Based on his groundbreaking work in this area, Trouton derived a ratio that relates the zero 

shear rate (Newtonian) viscosity 0  to the extensional viscosity E  [16]. For polymer melts, 

this ratio applies, but only at low extensional strain rates   [62]. For uniaxial extensional 

flow, the Trouton ratio (Tr) can be written as follows: 

 , 03E U = .                (32) 
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2.2.2 Biaxial Extensional Flow 

In the biaxial steady-state extensional flow, the melt element (seen in Fig. 10) is stretched in 

two directions (x, y), and in the third direction (z), it is contracted. 

 

Figure 10 Biaxial extensional flow of melt element (adapted from [43][60]) 

The velocity field for biaxial extensional flow can be modified from Eq. 26, provided that 

the parameter m = 1, as follows: 

 ,  ,  2x y zv x v y v z  = = = − .                (33) 

Then, the deformation rate tensor D  for the biaxial extensional flow can be given as 
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Again, the biaxial extensional flow has only one non-zero normal stress difference, which 

can be considered biaxial extensional stress, identical to Eq. 30 ( ), ,E U E B =  [45]. The same 

is true for the biaxial extensional viscosity, which is identical to Eq. 31 

 
,

,
xx yyE B

E B
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

 

−
= = .                (35) 

However, the Tr for biaxial extensional flow takes different value [62]: 

 , 06E B = .                (36) 
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2.2.3 Planar Extensional Flow 

Planar extensional flow is shown in Fig. 11. In this flow, the melt element is stretched in one 

direction (x-axis), in one other direction, the deformation is prevented (y-axis), and in the 

last direction (z-axis), shrinkage occurs [16][59][62]. 

 

Figure 11 Planar extensional flow of melt element (taken from [43][60]) 

For a planar extensional flow, the parameter m = 0, and the velocity field (Eq. 26) of this 

flow can be given as follows: 

 ,  0,  x y zv x v v z = = = − .                (37) 

Then, the strain rate tensor D  for planar extensional flow corresponds to the following 

equation: 
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However, unlike uniaxial extension, for planar extensional flow, both normal stress 

differences will take on non-zero values [16], and hence there can be two planar extensional 

stresses
, 1E P ,

, 2E P  

 ( ) ( ), 1E P xx zz xx zzp p    = − − − = − ,                (39) 

 ( ) ( ), 1E P yy zz yy zzp p    = − − − = − .                (40) 

The planar flow is the only one that has two material functions since it has two different 

viscosity values. The first planar extensional viscosity 
, 1E P  is given as 
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, 1

, 1
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= = ,                (41) 

and the Trouton ratio Tr for this viscosity is as follows: 

 , 1 04E P = .                (42) 

The second planar extensional viscosity 
, 2E P  is given as follow: 
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, 2
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= = ,                (43) 

and it follows from the above that Tr for 
, 2E P will be given by the equation [62]  

 , 2 02E P = .                (44) 

2.2.4 Fundamental properties of steady uniaxial extensional flows 

Fig.12 shows the time dependence of the uniaxial extensional viscosity ( ),E t +  and shear 

transient viscosity ( , )t +  of branched LDPE at 150 °C, and the same range (shear   and 

extensional  ) rate (0.001 – 10) s-1.  

 

Figure 12 Time-dependent uniaxial extensional viscosity ( ),E t +  and shear viscosity 

( , )t +  for LDPE at 150 °C at various shear rates   and extensional strain rates   with 

linear viscoelastic envelope (dashed line) for extensional 
,0 0( , ) 3 ( , )E t t   =  and shear 

0 ( , )t  viscosities (taken from [17]) 

The measured time-dependent transient shear viscosity data are consistent with the 

assumptions already described (Section. 2.1.1). The uniaxial extensional viscosity ( ),E t +  
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dependence obtained at constant   where the curves steeply increase with time, shows a 

different behavior [17][63].Transient ( ),E t +  can also be described numerically, based on 

knowledge of the relaxation spectrum [46][64], using a generalized Maxwell’s model [61] 

via the following equation: 

 

( )
( )( ) ( )

( )

( )

1 2

1

1 2

3 2
, exp

1 2 1 1 2

1
             exp ,

1

i

i

i

i

t

E i i
i i ii

t

i

t G







  
  



−
 −

+

=

−
−


= − −
 − + −



−
+




                (45) 

where iG  and i  are the relaxation modulus and time in a particular "i" relaxation mode 

[65]. Fig. 12 also shows the validation of Trouton’s ratio Tr for uniaxial extensional flow  

(Eq. 32). The viscosity curves at low strain rates ( 0.001 = =  s-1) essentially represent the 

so-called linear viscoelastic envelope, which can also be defined as a  

“short-term region of higher strain rate curves” [63]. The linear viscoelastic envelope  

equations for the transient extensional 
,0 ( , )E t   and shear 0 ( , )t   viscosities can be obtained 

from Eq. 45. 

If the extensional strain rate trends to zero ( 0) → , the equation for determining the linear 

viscoelastic envelope 
,0 ( , )E t  can be rewritten into the following form: 
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and for linear viscoelastic envelope 0 ( , )t   [65] 
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An important conclusion shown in Fig. 12 is that the increase and subsequent steady state of 

the 
,E U  occurs only after a certain time period, which can also be characterized by the 

magnitude of the maximum Hencky strain H  [17]. The value of H  required to obtain a 

steady state depends mainly on the nature of the polymer melt (Fig. 13) and its ability to 

exhibit strain hardening [17][53]. The effect of strain hardening typically increases with 

increasing rate   [66] and benefits the uniform/homogeneous deformation of the polymer 
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melt during extensional flow. But it does not occur in all polymer materials such as e.g., 

linear PP (Polypropylene) [53][63]. However, it has a strong influence on low-density 

polyethylene (LDPE) having a high degree of branching and long branches [66]. 

 

Figure 13 Transient uniaxial viscosity ( ),E t +  defined for different polymer melt 

behavior at one applied constant extensional strain rate   (taken from [60]) 

Fig. 14 shows the uniaxial extensional stress 
,E U  as a function of εH for a particular LDPE 

material, and  . Stress 
,E U  reaches steady-state values as late at 5H  . From these  

steady-state values, it is possible to construct a plot of the dependence of extensional 

viscosity on extensional rate, as demonstrated in Fig. 15 [60].  

 

Figure 14 Extensional stress   as function of Hencky strain H  at two 

constant extensional strain rates   for LDPE at 150oC. Here ER  is the 

stretching ratio (taken from [67]) 
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The accuracy of determining the steady-state value from extensional viscosity plotted as a 

function of time or 
H  is still widely debated [38][67]. This only confirms the fact that the 

determination of extensional viscosity E  is very challenging compared to shear viscosity 

[46]. 

 

Figure 15 Typical extensional viscosity 
,E U  versus extensional rate   

curve for an extension-thickening polymer (taken from [60]) 

Typical uniaxial extensional viscosity 
,E U  versus the extensional strain rate   is provided 

in Fig. 15. However, if the very wide extensional strain rate range is considered even for 

linear polymer melts (see Fig. 16), there are other interesting points. 

 

Figure 16 Prediction of the steady-state uniaxial extensional viscosity 

,E U  vs. extensional strain rate   for linear, monodisperse polymer melt 

according to the standard Doi-Edwards model (taken from [68]) 
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The dependence shown (Fig. 16) is predicted using the Doi-Edwards model [46] and can be 

divided into four regions (I. – IV.). In region (I.), the equilibrium state between entanglement 

formation and breakdown occurs – extensional viscosity is constant. In region II. i.e. at 

sufficiently high   values, extensional viscosity suddenly decreases as entanglements 

breakdown becomes more dominant than formation. The beginning of this transition from 

viscous to pseudoplastic behavior is defined by the inverse of the macroscopic relaxation 

time 01/  . The plotted dependence curve takes its local minimum at the reciprocal Rouse 

time 1/ R  and beyond that in the region (III.) a strain hardening ( 1/ R  , [66] or Rouse-

Weissenberg numbers for extensional flow RiRW   [68][69]) occurs, where the 

macromolecules are completely free of entanglements. There is a stretching of the backbone 

of the macromolecules alone, increasing extensional viscosity 
,E U . In the last region (IV.) 

the maximum stretching of the chains occurs, and the viscosity is again constant 
,E U 

. The 

viscosity value in this region often takes higher values than the initial viscosity, defined by 

the Trouten ratio rT . 

The conclusions of experimental studies do not always confirm the agreement with the  

Doi - Edwards prediction and show its non-universality [68][69][70]. 

The Rouse reorientation (or stretch) time R  [64], is the time from which macromolecules 

move in a completely unentangled state. It is twice the Rouse stress relaxation time 

( )2RS R RS  =  and can be expressed by the equation: 
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where M is the molecular weight, Mc is the critical molecular weight [46], GR is the state gas 

constant (
1 1

G 8.314 J K molR − −=   ), T is the thermodynamic temperature, ρ is the density of 

the polymer under investigation, and Ma  is an exponent whose value depends on the 

molecular weight (M ≤ MC, so Ma  = 1 when M ≥ MC je Ma  = 3,4 for linear polymers) [66]. 

2.2.5 Experimental techniques for the determination of extensional viscosity 

Many experimental techniques allow the measurement of extensional viscosities E , but 

they have own limitations, and also their commercial availability is somewhat limited 
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[17][63]. The biggest problem that must be tackled when finding steady-state values at given 

extensional rate   is to keep a uniform deformation of the sample under investigation 

[19][63] and for such a long time that it can reach steady-state values (Figs. 13,14) [67]. The 

severity of this problem increases with increasing .   

According to the literature [71], the experimental methods for extensional viscosity 

measurements can be distinguished into pressure-, boundary- and capillarity-driven 

("boundary-, capillarity- and pressure-driven" [71]) according the way in which the 

extensional flow is generated (Fig. 17). 

 

Figure 17 Shear (Newtonian) viscosity 0  ranges of currently available extensional 

rheometers (taken from [71]) 

In capillarity-driven rheometers, an initial cylindrical polymer sample is stretched to form a 

liquid bridge between two parallel plates, thus creating a uniaxial extensional flow, which is 

unstable and thins and disintegrates due to capillary forces (Fig. 17) [72]. The most known 

commercially used capillarity-driven  rheometer is the Capillary Breakup Extensional 

Rheometry (CaBER) [72][73], which allows the determination of extensional viscosity for 

polymer solutions with low viscosity (up to 0 = 7·10-2 Pa·s), such as printing inks [72]. 

According to Fig. 17, experimental methods driven by free boundary include two 

experimental device concepts: Counter-Rotating Drums (CRD) and Filament Stretching 

(FSR). “With appropriate control schemes and analyses, they can measure true transient 

extensional viscosity ( ),E t + ” [71]. The following is a short review of the essential facilities 

of this group of experimental techniques. 

The simplest way to achieve extensional flow is by stretching the polymer sample. However, 

these classical tensile tests present some problems [17], particularly in the actual clamping 

of the sample and the influence of gravitational forces during the measurement [18]. 

Meissner [58], was the first to overcome these problems to some extent. From his concept 

of counter-running drums, many other experimental methods and devices evolved. His last 
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modified device was commercialized under the name Rheometric Melt Extensional 

rheometer (RME) [46][63]. In Fig. 18, the RME is illustrated with grooved metal belts to 

reduce the slippage of the specimen during horizontal stretching. Buckling and degradation 

of the polymer sample are prevented by a bed of inert gas flowing over the porous worktable 

[17][76]. For RME, it is advantageous that the total extensional is not limited by the machine 

size, allowing measurements up to H  = 7 [76]. 

 

Figure 18 Different designs and methods for determining extensional viscosities E  

a) Rheometric Melt Extensional rheometer (RME) [17][74], b) Münstedt Tensile 

Rheometer (MTR) [17][75], c) A scheme of the method for measuring deformability of a 

liquid droplet in extension [19] 

Methods using Meissner's original concept include a miniaturized modification of the 

Meissner Extensional Rheometry Accessory (MERA), which consists of two pairs of 

counter-rotating drums and can be placed in the heated chamber of commercial rotational 

rheometers [77]. As well as another fiber-windup experimental device [78] based on which 

the currently most widely used and accurate extensional rheometers: Sentmanat Extensional 

Rheometer (SER) and Extensional Viscosity Fixture (EVF) [77] (see Chapter 8).  

For the Münstedt Tensile Rheometer (MTR), the initial problems are solved by a different 

approach. During the measurement, the samples are immersed in a liquid that prevents them 

from buckling (silicone oil) and stretched in the vertical direction (Fig. 18b). The samples 

are glued to metal clips, which can cause difficulties. A disadvantage may be that the size of 
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the device limits the overall extensional of the sample (
H = 4) [17][77]. The transient 

( ),E t + data obtained from the discussed device are shown in Fig. 12. 

Table 1 Extensional rheometers overview (adapted from [18][74]) 

Feature 

(reference) 

Meissner´s metal 

belt clamping 

rheometer RME 

([17][46][76]) 

Münstedt Tensile  

Rheometer MTR 

([17][18][46]) 

Capillary 

Rheometer 

([47][53][61]) 

Sentmanat 

Extension 

Rheometer  

([46][80]) 

Type of 

extensional 

Uniaxial  

or planar 
Uniaxial 

Uniaxial  

or planar 
Uniaxial 

Sample Polymer Film  Cylinder Granules Polymer strip 

Sample size 

< 2 g, requires 

careful preparation 

and loading 

10 g, care must be 

taken to 

minimalize 

end effects 

40 g minimum 5 – 200 mg 

Flow 

stability 

Can be unstable 

at high rates 

Subject to gravity, 

tension and 

air currents 

Unstable at 

very high rates 

Stable up to  

  < 20 s-1  

Viscosity 

range 
High viscosity High viscosity 

Both low and 

high viscosities 

> 10 000 Pa·s  

(zero shear rate 

viscosity 0 ) 

Restriction 

of gravity 

force 

Silicone oil Inter gas cushion None 

Geometry of 

the sample and 

its clamping 

Homogenous 
Could be, with 

care 
No, at the end 

No – mixed shear 

and extensional 

flow 

Yes – truly 

uniform 

extensional 

deformation 

Pressure 

effect 
None None 

Yes – 

compressibility of 

melt in the 

reservoir could 

cause difficulties 

None 

Extensional 

rates   (s-1) 

Maximum 

extensional rate is 

limited by the ability 

to maintain the 

sample in steady 

flow; 

𝜀̇ = 〈10−3; 100〉 

Maximum rates 

depend on 

clamp speeds; 

𝜀̇ = 〈10−3; 5〉 

High and low 

rates possible; 

𝜀̇ = 〈100; 106〉  

Maximum 

recommended 

extensional;  

𝜀̇ = 〈10−2; 20〉  

The third and final group of pressure-driven methods, which includes particularly the 

experimental method of tenting extensional properties using contraction or entrance flows 

in the form of entrance pressure drop measurements on a capillary rheometer, is the main 

focus of this thesis and will be discussed in a separate Chapter 3. Another device in which 

the extensional flow is pressure-driven is the Cross-Slot Extensional Rheometer (CSER). 
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It is based on a stress-optical measurement at the stagnation point of the flow and can be 

used to detect the planar extensional viscosity 
,E P  at a steady state [79]. 

The summary Table 1 presents parameters and other information for selected extensional 

rheometers. It is important to note that the experimental methods and equipment discussed 

herein that allow for the measurement of extensional properties of polymeric materials do 

not include all existing and used methods. The above experimental methods and devices and 

many others are reviewed in more detail, e.g., [16][17][18][19][46][53][77]. 
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3 ENTRANCE PRESSURE DROP MEASUREMENTS IN A 

CAPILLARY RHEOMETER 

According to the conclusions of Section 2.2.5 and the summary Table 1, various 

experimental methods can be used to determine the extensional viscosity ( )E , each with its 

limitations. However, for measurements at high extensional rates   and a large range of 

polymer viscosities, only measuring the entrance pressure drop Δpentr in contraction flows of 

capillary rheometers is suitable (see Table 1). This method is widely used despite several 

pitfalls and simplifications, some of which will be presented in this chapter.  

Due to its versatility, capillary rheometry is frequently used in both industrial and academic 

settings. Capillary rheometers can have different designs, and a whole range of rheological 

properties can be determined using them [16][19][47][53][81]. 

 

Figure 19 Schematic representation the contraction flow (i.e., flow from a wide barrel with 

diameter bD  through entry contraction angle   into a narrow capillary with length L and 

diameter D). Here the piston is moving by velocity xv , the deformation of the melting 

element is visualized as an orange element), and pressure development along the axis of 

symmetry is provided at the bottom (adapted from [13][23]) 

The principle of contraction flow on which capillary rheometers are based, is shown in  

Fig. 19. It can be seen that the flow of polymer melt, generated by the movement of the 
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piston or the compressed gas [38], is forced to flow from the wide barrel into the narrow 

capillary die through the so-called entry angle of contraction α (full wall-to-wall angle  

Fig. 19). This transition is accompanied by a pronounced pressure drops, which is 

graphically shown as a function of pressure versus flow channel length (z-axis) in Fig. 19. 

The total pressure drop Δp can also be affected by the flow between the piston and the barrel. 

This flow may appear, above all in low-viscosity polymers or using high pressure. It can be 

reduced using special piston tips (shown Fig. 20) made of PEEK [82]. 

The total pressure drop, Δp, can be determined using the measured pressure inside the wide 

barrel and is composed of three components 

 cap end cap exit entrp p p p p p =  + =  + +                 (49) 

where Δpcap is the capillary pressure drop, Δpend is end pressure drop, Δpexit is the exit pressure 

drop, and Δpentr is the entrance pressure drop. The pressure drop in the capillary, Δpcap, is 

caused by the shear flow of the melt along the length of the capillary. Its magnitude is 

determined by the shear viscosity η of the polymer being measured [38][53]. The sum of the 

entrance Δpentr and the exit Δpexit pressure drop is referred to as the end pressure drop Δpend 

(end effects) since Δpexit reaches small values (Δpentr >> Δpexit), it is usually neglected as here, 

and the detected value Δpentr coincides with Δpend. The exit pressure drop Δpexit is associated 

with the elasticity of the melt. Thus the first normal stress difference 1N  [13] becomes 

measurable at higher shear stresses (τxy > 25 kPa) with the help of special measuring 

equipment (slit die) [16] [53][81]. 

Given the focus of this work, the focus of interest is the entrance pressure drop, Δpend, which 

is associated with strong stretching of the melt in the flow direction because of its strong 

acceleration during contraction. The difficulties are mainly caused by the inhomogeneity of 

the extensional flow with the non-constant extensional rate   [14][83][84]. Using Δpentr and 

other quantities, it is possible to obtain an "approximate" value for the extensional viscosity 

E  using approximation analyses [13][18], a minor presentation and comparison of which is 

given in Section 3.3. 

The key is therefore to obtain the most accurate value of the entrance pressure drop Δpentr 

which, of course, brings the complications already outlined. There are two concepts for 

experimental measurements performed on a capillary rheometer to obtain the value of the 

entrance pressure drop, Δpentr. This is an extrapolation based on the Bagley plot analysis or 

by direct measurement using a "zero-length" capillary die, referred to as an orifice die. 
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3.1 Bagley's concept  

To obtain the entrance pressure drop Δpentr using the method originally proposed by Bagley, 

the total pressure drop Δp is measured on at least two or more capillary dies of identical 

diameter D but different length L to diameter D ratios (L/D) [53] [85]. There are also certain 

recommendations on how much and which L/D ratios to choose [86]. For example, an 

arrangement of two capillary dies allows a capillary device used in this thesis, whose 

working part is shown in Fig. 20. 

 

Figure 20 Example of the arrangement of the working part of a 

twin-bore capillary rheometer (adapted from [87]) 

The measured values of the total pressure drop Δp are plotted as a function of the L/D ratio 

of the capillary dies and extrapolated to the zero value of the L/D ratio [85]. The entrance 

pressure drop Δpentr is subtracted from the vertical pressure axis of the Bagley plot.  

The major disadvantage of this concept is that the entrance pressure drop Δpentr is found as 

an indirectly measured quantity obtained by extrapolation, which is not always linear  

(Fig. 21b) [14][88], leading to inaccuracy [27][85]. The origin of the nonlinearity is 

attributed to viscous heating, the pressure dependence of the melt viscosity, or wall slip 
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[27][88][89]. The Bagley plot is also used to correct the measured shear quantities, where 

the pressure drop in the capillary Δpcap must be found to calculate the corrected shear stress 

τxy,corr (see Section 8.1, Eq. ). Fig. 21a shows the results obtained from the experimental 

determination of Bagley plots using an Instron capillary rheometer at 150 °C over the range 

of apparent shear rates APP (from 8.2 to 82 s-1) for Linear metallocene PE (LmPE3), whose 

parameters are reported in [27]. It can be seen in Fig. 21b that when using a long capillary 

die (L/D = 40), it is no longer possible to use linear interleaving to describe all the data, but 

second-order polynomials must be used [27]. The entrance pressure drop Δpentr was 

determined in two ways, resulting in two sets of experimental data. 

 

Figure 21 Bagley plots (capillary die with D = 0.762 mm, entry angle α = 90°) for LmPE3 

at 150 °C (adapted from [27]). a) points are fitted linearly with a straight line, b) the points 

are fitted with a second-order polynomial 

3.2 Orifice die  

Experimental measurements using an orifice die provide a direct measurement of the 

entrance pressure drop (Δpentr). As with the Bagley plot, the Δpend is obtained [88] and the 

Δpexit is again neglected for the same reasons. A significant advantage over the previous 

concept is that it requires fewer measurements to obtain results. Only the measurement using 

one orifice die, and one longer capillary die is sufficient [85].  

Some studies have found that the geometry of the flow channel has the greatest influence on 

the accuracy of the entrance pressure drop Δpentr measurements, as different die designs  give 

different results [88]. The geometry of the orifice die flow channel is defined by the 

following parameters, i.e. the shape of the exit region/underside die, the ratio L/D, the entry 
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angle of the contraction flow, and the contraction ratio [16][27]. Each of these parameters 

affects the accuracy of the measured Δpentr. 

3.2.1 Effect of filling underside of the die 

A badly designed underside part of the orifice die (exit region) can cause the outgoing melt 

to stick to the walls of this part and subsequently fill the exit region. This is problematic as 

it causes an overestimation of the measured entrance pressure drop Δpentr. Therefore, it is 

necessary to modify the exit region so that this does not occur while meeting other 

requirements for its functionality and optimal lifetime [27][88]. In the next section, case 

studies of authors who have dealt with this issue will be presented. 

Mitsoulis, Hatzikiriakos, et al. (1996, 1998) 

Mitsoulis, Hatzikiriakos, et al. [90][91] have conducted both experimental and numerical 

studies on the entrance pressure drop Δpentr during contraction flows. In their two studies, 

they used two types of LLDPEs. In the first paper, only conventional LLDPE (Dowlex 2049) 

was used [90], and in the second paper, the measurements were extended to include 

metallocene type (mLLDPE) [91]. Experimental measurements were performed on an 

Instron capillary rheometer using a standard barrel (see Table 3). The first dataset was 

acquired through a Bagley plot labeled as “Free extrudate” while the second dataset was 

obtained using an orifice die labeled as “Filled expansion”. The design of the die is illustrated 

in Fig. 22a. 

 

Figure 22 a) The geometry of the orifice dies used in the experiment with the entrance 

angle α = 90°, and b) Die dimensions, c) Differently obtained values of entrance pressure 

drop Δpentr depending on the apparent shear rate APP  (adapted from [91]) 
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The entrance pressure drop data Δpentr from both methods were plotted against the apparent 

shear rate 
APP  and were also compared with the K-BKZ model [91], as shown in Fig. 22c. 

It can be seen that filling the exit region of the orifice die overestimates the entrance pressure 

drop Δpentr, but data from both methods obtained at a high apparent shear rate γ̇APP becomes 

very similar [90][91]. 

Kim and Dealy (2001) 

Kim and Dealy [27] follow the work of Mitsoulis and Hatzikiriakos et al. [90][91] and 

attempt to solve the problematic filling of the exit region by modifying the geometry of the 

orifice die. The modified orifice die (Fig. 23b) features an expansion section with a diameter 

approximately two to four times larger than the original design (Fig. 23a). The orifice die 

dimensions for both the old (Fig. 23a) and new (Fig. 23b) designs are Db = 9.525 mm (barrel 

diameter), D =1.270 (orifice diameter), and α = 90° (entry angle). Measurements were again 

performed on an Instron capillary rheometer (standard barrel diameter Db = 9.525 mm and 

length Lb = 400 mm [28]) for two polymer melts again LLDPE, mLLDPE at 150 °C. Material 

parameters and additional information can be found in [27][28]. 

 

Figure 23 Schematic views cross-section of the orifice die used 

a) standard (old) design, b) modified (new) design (taken from [27]) 

Fig. 24 shows the dependence of the measured entrance pressure drop Δpentr on the apparent 

shear rate APP . It can be seen that the gradual filling of the exit region in the old orifice die 

design (Fig. 23a) started already at low APP . While in the new concept, the filling of the exit 

region did not occur in the whole range of APP . The Δpentr measured using the new concept 

was 50 % lower than that of the old orifice die, which was burdened by the error due to exit 

region filling. Δpentr data from the modified orifice die (Fig.23b) were also compared with 

data obtained from the Bagley plot, and it was found that when the Bagley plot was linearly 

interleaved, the data from the two methods showed a significant agreement [27]. 
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Figure 24 Entrance pressure drop Δpentr versus apparent shear 

 rate APP  obtained from measurements on old orifice die (a) and new 

orifice die (b) LLDPE at 150 °C with die orifice D = 1.270 mm (with 

(L/D = 0.5) and entry angle α = 90° (taken from [27]) 

Aho and Syrjälä (2006) and Sunder and Goettfert (2001) 

Aho and Syrjälä, in several papers [85][88][89], use the same orifice die (Fig. 25) as Sunder 

and Goettfert [86], who performed experimental measurements to determine the accuracy of 

the obtained entrance pressure drop Δpentr. Aho and Syrjälä [85], performed verification 

experimental measurements on the orifice die visualized in Fig. 25.  

 

Figure 25 Schematic view cross-section of the Göttfert orifice die 

used, dimensions in mm (taken from [88]) 

Aho and Syrjälä [85] compared the entrance pressure drop Δpentr with values obtained using 

a Bagley plot and measurements made with the orifice die visualized in Fig. 25. 

Measurements were conducted using a Göttfert Rheograph 6000 capillary rheometer with 

two polymer melts: LDPE (Lupolen 1840 H) and PS (Polystyrene 143E). The material 

parameters and experimental procedure details can be found in the referenced work [85][88]. 
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The results of Δpentr obtained from both methods were again plotted against the apparent 

shear rate 
APP , as shown in Fig. 26 for the PS. However, the PS showed a significant 

difference of 143.82 %. This shows that the used design of the exit region of the orifice die 

(Fig. 26), is indeed inappropriate. During the measurement, this region fills up and thus 

significantly affects the Δpentr [85]. 

 

Figure 26 Comparing courses of entrance pressure drop Δpentr on the apparent 

shear rate APP  for PS using Bagely plot and Göttfert orifice die (taken from [85]) 

Zatloukal and Musil (2009) 

Zatloukal and Musil [29][43] were others who addressed the problem of the “narrow orifice 

downstream” filling of the standard orifice die design (Figure 27b). 

 

Figure 27 a) The geometry of an old orifice die with a narrow exit region, b) a detailed 

view of the orifice downstream region during measurements (taken from [29]) 

To eliminate this source of inaccuracy, the authors analyzed the polymer melt flow during 

contraction theoretically and experimentally. The theoretical design consisted of flow 

simulation through FEM analyses to verify the effect of filling the narrow space of the 
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standard orifice die design (Fig. 27a). Based on the findings, the authors created a new orifice 

die design (which they also patented [92]) which is shown in Fig. 28a with a contraction 

entry angle of α = 180°. The new die has a very open downstream region comprising a 

diverging channel section and four mounting holes (assembly requires a special wrench).The 

underside of the new orifice die, thus modified, eliminates the occurrence of the described 

inaccuracy since the melt does not touch the wall exit region (Fig. 28b) even at high flow 

rates. 

 

Figure 28 a) The geometry of a novel orifice die, b) a detailed view of the orifice 

downstream region during measurements (taken from [29]) 

In addition, the open downstream exit region is advantageous for exploring unsteady flow. 

Furthermore, orifice dies with an entry angle smaller than α < 180° were also designed [92], 

as well as rectangular dies for measuring planar extensional viscosity [59][93].  

3.2.2 Effect of L/D ratio  

The ratio of hole length (L) to diameter (D) is a parameter that affects the measured values 

of the entrance pressure drop (Δpentr). Many authors have not addressed the close-to-zero 

range of the (L/D ≈ 0) ratio. 

The work of Kelly [94], who, among other things, performed important experimental 

measurements on an online rheometer, which he compared with off-line measurements on a 

twin-bore Rosand RH7-2 capillary rheometer. He used six orifice dies with the same 

diameter D = 1 mm and lengths L ranging from 0.1 to 1 mm (see Table 2 for exact lengths) 

and another drilled capillary die with an exact length L = 2.0 mm. Orifice die, were made in 

the form of tungsten carbide inserts with an outer diameter of 15 mm (which is the same as 

the barrel diameter bD  of the capillary rheometer). Measurements were conducted on RH7-

2 using a 16 x 1 mm long capillary and the specified orifice dies for various PE materials 
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(LLDPE, LDPE, HDPE) at a temperature of 200 °C. The properties of these materials are 

provided in [94]. 

Table 2 Dimensions of the  

orifice dies used by Kelly (adapted from [94]) 

Capillary Diameter D 

(mm) 

Capillary Length L 

(mm) 

1 0,12 

1 0,20 

1 0,37 

1 0,48 

1 0,75 

1 0,98 

Fig. 29 shows the relationship between the entrance pressure drop Δpentr and the L/D ratio 

for LLDPE material at 200 °C in the range of apparent shear rate  

APP (50 – 2500) s-1. From this, it can be roughly observed that when using an orifice with an 

L/D ratio up to 0.2, Δpentr is constant over the whole range of APP  used. Above this value, 

there is a slight change in Δpentr up to a value of ratio L/D = 0.48, from which the dependence 

has a linearly increasing character over the whole range of APP . 

Kelly [94] further found that the data measured on the RH7 capillary rheometer showed the 

same trends as the corresponding data obtained on the online rheometer used by him. 

 

Figure 29 The dependence of the entrance pressure drop Δpentr on the L/D ratio at different 

apparent shear rate values APP  for LLDPE at 200 °C on RH7-2 (Adapted from [94]) 
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The paper by Zatloukal et al. [95] discusses numerical modeling, including the influence of 

the L/D ratio orifice die on the apparent entrance viscosity 
entr , which was defined as 

 
entr

entr

APP

p





= ,                (50) 

where Δpentr is the entrance pressure drop and APP  is the apparent shear rate. For many 

applications, introducing this quantity can provide more accurate, better, or more general 

results than using Δpentr to APP  dependence. In particular, for the assessment of Newtonian 

behavior at low APP , since the dependence of entr on APP  shows a plateau [95]. The benefits 

of introducing this variable are also exploited in [96].  

In the described work [95], the FEM simulation of polymer melt flow was performed on an 

axisymmetric die geometry with an abrupt contraction angle (α = 180°), a die diameter 

D = 1 mm, and a barrel diameter Db = 15 mm. For the orifice die used in the numerical 

modeling (Fig. 30), it was assumed that the polymer melt would flow as a free beam and not 

stick to the underside of the die. Another premise is that the melt will not swell after exiting 

the orifice die, and therefore, the free surface boundary conditions were replaced by a wall 

with zero friction. 

 

Figure 30 Schematic representation of orifice die used for numerical flow analyses, where 

x is orifice length in mm (x ∈ 〈0;0.3〉) and L1 = L2 = 12.75 mm, entry angle  

α = 180 °C. Dimensions are in mm, and the schema is not to scale (adapted from [95]) 

The relationship between the apparent entrance viscosity entr and the L/D ratio (from 0 to 

0.3) and the apparent shear rate APP  obtained from the numerical simulation on the orifice 

die is shown in Fig. 31. It pertains to the material referred to as M1 in the paper [95], which 

exhibits strain hardening. The plotted data were fitted with a suitable model (see [95]). At 

low APP , the material exhibits a plateau, which transitions to a peak at higher values due to 

strain hardening, followed by a subsequent decrease. As the L/D ratio increases, the display 
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of strain hardening becomes more limited as the entrance viscosity ηENT increases with 

increasing L/D ratio at low and intermediate 
APP . At high 

APP , variation of the L/D ratio 

has no longer significant effect on 
entr  (which is not the case for material not exhibiting 

strain hardening [95]). These statements have also been experimentally verified for LDPE 

material [86]. Based on these findings, a length correction was derived to calculate the 

extensional viscosity for different approximation methods (see Section 4.3). 

 

Figure 31 Predicted course of apparent entrance viscosity entr  on apparent shear rate APP  

for different L/D orifice die ratio for strain hardening material M1, fitted by a simple model 

(taken from [95])  

3.2.3 Effect of the contraction entry angle  

Entrance pressure drop Δpentr can be further influenced by the magnitude of the contraction 

entry angle α (Fig. 19) [23][28][97] (in some publications, it is related to the axis of 

symmetry of the flow, so that half the angle, α/2, is used [14][26], which is not used here). 

The entry angle α has the greatest influence on the shear fraction size in inhomogeneous 

contraction flow [26]. Shear flow occurs during contraction due to the melt's zero velocity 

on the channel's wall [71].  

Mitsoulis and Hatzikiriakos [97] conducted a numerical and experimental study to 

investigate the effect of entry angle α on the magnitude of Δpentr. Experimental measurements 

were performed on an Instron capillary rheometer with branched PP at  
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200 °C using six orifice dies with different entry angles (10°, 15°, 30°, 60°, 90° and 150°) 

[97] based on a modified design by Kim and Dealy [27] (Fig. 23b).  

From Fig. 32, it can be concluded that the inlet angle has a negligible effect on the detected 

entrance pressure drop Δpentr. Furthermore, it can be observed that up to the entry angle size  

α = 90°, Δpentr decreases, after which it does not change significantly. This is evidenced by  

Fig. 34b, which shows the course of the dependence of the Δpentr on the changing value of 

the entrance angle α at several low apparent shear rates APP  (ranging from 23.4 to 703 s-1). 

According to the publication [97], the values of entry angle α > 90° no longer vary, and 

therefore their dependence was not plotted. 

 

Figure 32 Effect of entry angle α of contraction on entrance pressure drop Δpentr for 

branched PP at 200 °C (adapted from [97]). a) Comparison of the course of entrance 

pressure drop on apparent shear rate for different entry angles, b) Comparison of the course 

of the entrance pressure drop at the entry angle α for different apparent shear rate values 

APP  

Another measurement investigating  effect was performed by Gibson [26] on a 4 mm 

diameter orifice die (D) with different entry angles (15°, 30°, 90°, 120°, 150°, and 180°). 

The PA 6.6 (ICI Maranyl 690) was filled with 50 % glass fiber and the measurement was 

performed on an instrumented injection molding machine at  285 °C [26]. Unlike the 

previous study, the author used a higher range APP  (1,000 - 10,000) s-1, and the measurement 

was performed in the entire range of possible entry angles α. 
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Compared to the previous one, Gibson (based on Fig. 33) states that Δpentr for the material 

and temperature used has an increasing character with the size of the entry angle α but is not 

as pronounced at lower 
APP  (Fig. 33,  

APP = 1000 s-1). The measured data have also been 

compared by numerical prediction [26], which roughly matches them for the range of  APP

used. 

 

Figure 33 Experimental and numerical predictions for entrance pressure drop Δpentr versus 

entry angle α at different apparent shear rates APP  (adapted from [26]) 

In conclusion, when using an orifice die with a small entry angle (α < 90°), shear will be the 

dominant factor in the contraction flow, and the detected values of the entrance pressure 

drop Δpentr will be affected by the error [28][97]. It is also shown in [97] that at abrupt 

contractions (i.e. when α = 180°), Δpentr is strongly dependent on the extensional viscosity 

E  and gives the most accurate values of Δpentr. Conversely, at a smaller entry angles α, the 

flow appears to be more stable with increasing flow rate [1][28][71]. Of course, it should be 

kept in mind that the above conclusions depend on the material used and the boundary 

conditions of the measurements. 
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3.2.4 Effect of contraction ratio (Effect of Hencky strain) 

The total Hencky strain 
H  that the melt undergoes during contraction flow cannot be exactly 

quantified analytically because of its non-uniformity in the flow direction and the non-

constant extensional rate   [28][71][84].  

 

Figure 34 Schematic representation of the kinematics of polymer melts during contraction 

flow. The melt flows at a constant volume flow rate Q in the direction of the positive 

 z-axis in a cross-sectional area of a barrel Ab with a mean velocity value vz,b at time t0 into 

a narrow capillary of cross-sectional area Ac with an mean velocity value vz,c at time t0 

(based on information from [97]) 

However, it is possible to approximate the H  by a single value derived from the kinematics 

of the sudden contraction flow (as opposed to the relation of Section 2.2). This is shown 

schematically in Fig. 34, where the melt flows at a constant volume flow rate Q (determined 

using the piston velocity v). The melt moves in a wide barrel and a narrow capillary with a 

mean values velocity of ,z bv  and ,z cv , respectively. The Hencky strain H  faced by the 

polymer melt can be formulated using the following equation: 

 
0

0

t

H dt =  .                (51) 
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Extensional strain rate   can then be represented as the change in velocity in the direction 

of the central axis 

 

,0

,

( )

,

, ,

,0 ( )

1
ln ln ln ln ln

z c

z b

v z Lt

z c c bz
H z z c z b

z z b cv z

b

Q

v A Adv
dt dv v v

Qdz v v A

A



=

→−

 
= = = − = = =  

 
  .                (52) 

Thus, after integration, a simple equation can be defined to approximate the maximum limit 

of the H  to which the melt is subject during contraction flow [28] [71][97]. For the circular 

geometry provided in the Fig. 34, the final equation can still be modified into the following 

form: 

 ( )2ln2ln R
b

H C
D

D


 
= 

 
= ,                (53) 

where bD  is the barrel diameter, D  is the capillary diameter and CR is contraction ratio [28]. 

Rajagopalan [30], in a follow-up paper to (Mitsoulis and Hatzikiriakos et al. [91]), discussed 

numerical predictions of contraction flow using Phan-Thien-Tanner (PTT) model in one 

mode. All details and the relations used are given in the original paper [30]. 

 

Figure 35 Schematic representation of orifice die geometry with abrupt contraction  

(α = 180°) used for numerical prediction in the described study, ratio L/D  0.25 mm, all 

dimensions are in mm, and the schema is not to scale (adapted from [30]) 

Among other things, the present work addresses whether, in contraction flows (Fig. 35), the 

residence time (or Hencky strain H ) is large enough for the uniaxial extensional viscosity 
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to reach a steady state (Chapter 2). Fig. 36 shows the 
,E U  versus at the extension rate   for 

the linear (Fig. 36a) and exponential (Fig. 36b) forms of the PTT model, which depends 

highly on the material extensional parameter 
PTT . In Fig. 36c, the dependence of the 

extensional viscosity growth for extensional rate  = 10 s-1 (vertical red lines in Fig. 36a,b) 

on the H , according to Eq. 53. The vertical line gives the value H = 4.5 (Fig. 36c), which 

was obtained in the numerical simulation in the geometry used (Fig. 37) [30]. It can be seen 

that the linear form ( PTT  = 0.05) of the PTT model needs a much larger transformation than 

the exponential form ( PTT  = 0.05) for the uniaxial extensional viscosity 
,E U to reach the 

equilibrium state. 

 

Figure 36 Comparison of the numerical courses of uniaxial extensional viscosity 
,E U  on 

extensional rate ε̇ with different values of parameter PTT , for: a) linear and b) exponential 

form of the PTT model, c) Courses of growing extensional viscosity 
,E U  (related to shear 

zero viscosity 
0 ) at extensional rate   = 10 s-1 (red line) at the magnitude of extensional 

Hencky strain H  for different PTT  parameters and model forms (linear and exponential), 

the vertical line (blue line) indicates the used deformation (adapted from [30]) 

Therefore, follows from the above that the magnitude of the total deformation H  during the 

stretching of the melt element in the contraction flow determines whether 
,E U  reaches the 

equilibrium state or not. The magnitude of total strain depends on both the contraction ratio  

(CR = Db/D, see Eq. 53) and the material properties of the melt under investigation (such as 
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strain hardening). The contraction ratio is therefore another parameter that can introduce 

significant inaccuracies when measuring extensional properties using entrance pressure drop 

Δpentr measurements in contraction flows.  

Kim and Dealy [28] experimentally investigated the effect of the contraction ratio on 

measured the entrance pressure drop Δpentr. They performed measurements on an Instron 

capillary rheometer with two barrels: standard and large (see Table 3). Δpentr was measured 

using modified orifice dies (Fig. 23b) with different diameters and thus different contraction 

ratios (or H ), as shown in Table 3. The authors [28] investigated the effect of the contraction 

ratio for five PE melts. Two branched metallocene types (B-mPE-1, B-mPE-3), a linear  

(L-mPE-3), and two linear conventional high-density types (HDPE-1, HDPE-3). The 

parameters of the materials used to give are in the discussed paper [28]. The courses of the 

dependence of the entrance pressure drop Δpentr on the apparent shear rate APP  and the 

varying contraction ratio (or H ) are shown in Fig. 37a,b. 

Table 3 Dimensions of the orifice die parameters used corresponding to (Fig. 23b) 

(adapted from [28]) 

Orifice diameter 

D (mm) 

Contraction ratio 

CR = Db/D (1) 

Entrance angle  

α (°) 

Hencky Strain 

H  (1) (Eq. 53) 
Barrel  

Db (mm) 

0.762 12.5 180 5.05 Standard 

barrel 

Db = 9,525   

0.381 25.0 180 6.44 

0.254 37.5 180 7.25 

1.270 16.0 180 5.55 
Large barrel 

Db = 20,350   
0.762 26.7 180 6.57 

0.508 40.1 180 7.38 

The sample dependences shown in Fig. 37a are obtained from measurements using a 

standard barrel and three orifice dies with entry angle α =180° for the material L-mPE-3 at 

150 °C. As the contraction ratio increases, the entrance pressure drop Δpentr decreases, and 

this trend has been observed for other materials [28]. However, when using large barrels 

(with almost the same contraction ratio), the dependences showed an opposite trend again 

for all materials.  This can be seen in Fig. 37b for the B-mPE-3 material at 150 °C. This trend 

is consistent with Rajagopalan's numerical prediction [30] since as H  increases, Δpentr also 

increases. However, the authors do not explain these different trends in their paper.  
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Figure 37 Course of dependence of entrance pressure drop Δpentr vs. apparent shear rate 

APP  and Contraction ratio CR with α = 180° at 150 °C. a) L-mPE-3 and standard barrel, b) 

H-mPE-3 and large barrel (taken from [28]) 

 

Figure 38 The course of the dependence of the uniaxial extensional 

viscosity ,E U  on the apparent extensional rate    for the Boger liquid at 

20 °C (Adapted from [71][98]) 

In another interesting experimental measurement, reminded in [71], the extensional viscosity

E  of the Boger fluid in a contraction flow is determined using the Cogswell technique. As 

shown in Fig. 38, it can be seen that there is no significant change in the dependence of the 

extension viscosity on extension rate   with changing the orifice die diameter (i.e. with 

changed contraction ratio CR) [71]. This can be attributed to the fact that the Boger liquid is 

a polymer solution. It consists of high molecular weight polyisobutylene with a polybutene 



TBU in Zlín, Faculty of Technology 57 

 

solvent and kerosene [71][98] and therefore shows a strong increase of extensional viscosity 

with increasing  . Thus, it can be speculated that the discussed effect cannot be observed 

since steady-state values of E  already occur at low Hencky strains 
H , and no change 

occurs as the contraction ratio increases, since E  is already at a steady state.  

3.3 Effect of the Approximation Technique on Calculating Extensional 

Viscosity 

Based on the measured entrance pressure drop Δpentr and other parameters such as apparent 

shear rate APP  and correction shear stress 
,corrxy , several “approximation” techniques have 

been developed [99] to evaluate the extensional viscosity E  and extension rate  . These are 

mainly the three most widely used (basic) techniques proposed first by Cogswell [24], then 

by Binding [25], and Gibson [26]. All these analyses, for example, neglect the effect of the 

elasticity of polymer melts ( 1N  effect). However, there is also a model (Binding ( 1N )) 

proposed by Binding [100], which accounts for the 1N  effect. This model has been 

experimentally tested in [84]. 

Because of the different premises used when deriving the basic methods, extensional 

viscosity E  and extension rate  may give different results. Therefore, another influence on 

the accuracy of the extensional parameters is the type of method used. To compare the 

capability and suitability of techniques, a number of both experimental measurements and 

numerical simulations have been performed for different materials and under different 

conditions, [29][30][95][101]. 

Laun and Schuch [101] performed comparative measurements of extensional viscosity for 

three polyolefins melts (two branched LDPEs and linear HDPE) obtained from entrance 

pressure drop measurements (using orifice die [71]) at contraction flow calculated by 

Cogswell analysis, Filament Stretching (FR), and Rotary Clamping (CR). The measured and 

evaluated data are shown in Fig. 40. It can be observed from these data that the data obtained 

by Cogswell analysis match reasonably well with those obtained by other techniques (FR, 

CR) at higher extensional rate   for branched PE (LDPE 6, LDPE 9), which is not true for 

linear PE (HDPE 3). The under oscillation shown at intermediate values of   is because the 

Cogswell technique (but also Binding, Gibson [95][102]) fails to predict the correct value of 

the Trouton ratio (Tr) at low .  
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Figure 39 Comparison of the dependence of uniaxial extensional viscosity ,E U  on 

extensional rate   obtained from filament stretching (unfilled dashed symbols), rotational 

clamping (unfilled symbols) and from entrance pressure drop Δpentr calculated using 

Cogswell analysis (filled symbols), (taken from  [101]) 

This problem was theoretically and experimentally investigated in the above-discussed work 

by Zatloukal et al. [95]. Where the truth of this statement was verified by a numerical 

simulation performed on the orifice die (Fig. 31). The values of the Tr obtained by the 

authors for basic techniques are shown in Table 4, where the entrance viscosity (according 

to the Eq. 50) is related to twice the zero shear rate (Newtonian) viscosity 
,0 0( / 2 )ENT   

[35][102]. This ratio for Newtonian fluids is calculated as 0.575 in the publication [35][95]. 

Table 4 Calculation of the Trouton ratio for different methods (adapted from [95]) 

Technique  
Calculation relation Tr used 

 in the publication [95][102] 

Trouton ratio 

 Tr  (1) 

Cogswell 

2

,0

0

9

2 2

ENT
Tr





 
=  

 
 1.49 

Binding 

2

,0

0

27

8 2

ENT
Tr





 
=  

 
 1.94 

*Gibson 
( )

,0

4

0

96 512

3 8 2 3 8

ENT
Tr



   
= −

+ +
 2.87 

* For Gibson model, the premise is that 3( / ) 0bD D   (where Db is the diameter of the 

barrel and D is the diameter orifice die) [95]. 
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Based on the verification of the above problem, Zatloukal et al. proposed “effective entry 

length correction ( / )TrL D ” [95] which can be used to obtain more accurate results of 

approximation techniques in the low extensional rate   region (Newtonian behavior 

plateau). In Table 5, specific ( / )TrL D  for different computational techniques of extension 

viscosity were found. 

Table 5 A suggested orifice die ( / )TrL D ratios for different approximation 

methods (adapted from [95])  

Approximation method Cogswell Binding Gibson 

(L/D)Tr (1) 0.1208 0.1839 0.0122 

Zatloukal and Musil [29] deal, among other things, with comparing differently obtained 

uniaxial extensional viscosity. They compare the results based on the corrected (using 

( / )TrL D  correction) and uncorrected approximation techniques with the uniaxial 

extensional viscosity obtained from SER measurements. Experimental measurement of the 

entrance pressure drop Δpentr, from which the uniaxial viscosity was calculated according to 

the authors, was performed on a twin bore capillary rheometer RH7-2 for three polyolefins 

melts. A novel orifice die design with an entry angle α = 180° was used during the 

measurements (Fig. 28a). 

 

Figure 40 Shear   and uniaxial extensional 
,E U  viscosity versus shear   and extensional 

strain   rate determined using corrected and uncorrected data for Cogswell approximation 

analyses (Adapted from [29]). a) LDPE, b) mLLDPE 
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For the branched LDPE polymer Lupolen 1840H, the authors found that the results from the 

Cogswell analysis are in most agreement with the measurements obtained from SER  

(Fig. 40a). On the contrary, the results of the Binding analysis showed good agreement with 

the measured data only at low extensional rates, and Gibson's underestimated the measured 

data for the LDPE. Cogswell analysis, however, is unable, due to the large strain hardening 

of the material, to effectively describe the region at intermediate values of   . The authors 

give a strain hardening condition 
, max 0 2/  3E U   (where 

, maxE U is the maximum uniaxial 

extensional viscosity and 0  is the zero shear rate viscosity), i.e. when the condition is 

satisfied, the Cogswell analysis gives more accurate results (for LDPE Lupolen 1840H, the 

ratio is equal to 
, max 0/ 3 3E U  = ).  

 

Figure 41 Shear   and uniaxial extensional 
,E U  viscosity versus shear   and extensional 

  rate determined by various techniques and comparison of corrected and uncorrected 

measured data of approximation analyses (Adapted from [29]). a) Binding method,  

b) Gibson method   

This is proved on the polymer material with small level of branches, mLLDPE Exact 0201 

(Fig. 40b) with low level of the strain hardening (
, max 0/ 3E U   = 1.6) for which the uniaxial 

extensional viscosity data from SER are consistent with the uniaxial extensional viscosity 

obtained from Cogswell analysis. On the other hand, the results from the Cogswell technique 

do not match the SER measurements for the linear HDPE Tipelin FS 450-26. However, the 

Binding and Gibson analysis provided good agreement over the entire range of extensional 

strain rates   as shown in Fig. 41ab. 
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The conclusions provided in [29] are consistent with other experimental and numerical 

studies such as, e.g. [30][84]. Other works using the corrections described above for 

approximation analyses to deduce extensional viscosity from the entrance pressure drop 

measurements include, for example [14]. 
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4 CONSTITUTIVE EQUATIONS OF POLYMER MELTS 

Constitutive equations (CE) are mathematical tools that allow obtaining information about 

stresses during the flow/deformation of polymer materials [103]. Together with the 

equations of conservation of mass, energy, and momentum [3][40], they theoretically 

explain the behavior of polymer melts in various flow situations, and thus are widely used 

in the design of equipment and optimization of the production process [104]. The ideal 

solution would be a CE that describes the full Pipkin map (Fig. 4). However, such a model 

would be computationally very complex and time-consuming in any computation. For these 

reasons, emphasis is placed on using CEs that are simple and additionally precise to describe 

the issue at hand [105]. More detailed descriptions of CEs for polymer melts can be found, 

e.g., in [41][46][61][106].   

4.1 Models for non-Newtonian fluids    

Generalized Newtonian fluid (GNF) constitutive equations are classified as one of the 

simplest models in which the viscosity   is not constant but depends on the strain rate tensor 

D  (Eq. 11) or sometimes the temperature T [18]. The first models of this kind can provide 

steady shear viscosity values with sufficient accuracy, but they cannot predict elastic 

behavior or any time dependence [107]. These models include the Power law model, 

Carreau-model, Cross model, and others [61]. Subsequently, models were also proposed that 

gave good results for uniaxial extensional viscosity 
,E U  using the second ( )DII and third 

( )DIII invariants of the strain rate tensor .D  However, these models failed to separate 

uniaxial 
,E U and planar 

,E P  extensional viscosities (because 0,DIII =  see Table 6) [107]. 

According to [107], many authors have tried to find a mechanism to distinguish between 

different types of extensional viscosity. However, this was only succeeded by Yao [105] 

[108], who, based on the idea of previous authors [107][108], introduced the objective 

velocity gradient tensor L D W= +  (where W  objective vorticity tensor [108][109]). 

Zatloukal [109] also uses this new tensor in his formulation of modified GNF model. The 

introduction of this variable eliminates fluid rotation and thus the enables to distinguish 

between uniaxial 
,E U and planar 

,E P extensional viscosity [107][108]. 
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Table 6 Different invariant expressions for basic flows, where DII is second and DIII  third 

invariants of the strain rate tensor D , LII  is the second invariant of the objective velocity 

gradient L  (velocity gradient tensor L ) ( adapted from [109]) 

*Type 

flow 

Simple shear 

flow  

Uniaxial extensional 

flow 

Biaxial 

extensional flow 

Planar 

extensional flow 

D  

0 / 2 0

/ 2 0 0

0 0 0





 
 
 
 
 

 

0 0

0 / 2 0

0 0 / 2







 
 −
 
 − 

 

0 0

0 0

0 0 2







 
 
 
 − 

 

0 0

0 0 0

0 0





 
 
 
 − 

 

L L=  

0 0

0 0 0

0 0 0

 
 
 
 
 

 

0 0

0 / 2 0

0 0 / 2







 
 −
 
 − 

 

0 0

0 0

0 0 2







 
 
 
 − 

 

0 0

0 0 0

0 0





 
 
 
 − 

 

DII  2
  

2
3  

2
12  

2
4  

LII  0 2
3  

2
12  

2
4  

DIII  0 
21

4
  2

2−  0 

*More information on basic flows can be found in Chapter 2. 

4.1.1 Yao model (Yao 2022) 

The Yao model can applied to model the flow behavior of non-Newtonian fluids (both in 

shear and in extension) and also provides information on the elasticity of polymer melts. 

Yao [105] reformulated his original stress relation from the implicit dependence of the 

velocity gradient L  [108] into an explicit form. Thus, he created a simple form of the 

constitutive equation and obtained analytical relations to calculate the values of shear 

viscosity and extensional viscosity (uniaxial, biaxial and planar) [105]. Yao's model is based 

on a modified tensor form of Hook's law 

 GB


= ,               (54) 

where is the  extra stress tensor and G is the linear elastic modulus, which can be obtained 

from the following equation: 

 
0

YG G
 −

= .                (55) 

Here, the initial elastic modulus
0 0 / YG  = , and Y − is the shape function of elastic 

modulus, which is controlled by the strain hardening coefficient Y  [59][105] 
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( )

0

0

2

3
Y

S

S tr D D





=

+ 

,                                            (56) 

 

where 
0S  is the ceiling stretch [110], Y  is the relaxation time at small strain, tr is a trace 

of a given tensor. The generalized Finger tensor B

 has the following form: 

 0 0

1

0 0exp( ) exp( )T n
Y YB n L n L

    


 =   ,                (57) 

where 0 is the shape of the function controlled parameter 0  [59] [105], and 0n  is index of 

rotation recovery. The final explicit form of the discussed CE is as follows: 

 ( ) ( ) 00 0

1

0 0 0exp expY
T n

Y YG n L n L
      −  = 

  
.             (58) 

According to the above equations, the expression for the steady shear viscosity   is 

 
( ) 00

0

2/2/

0 2/ 2

4 /

2 4

Y
nn

Y Ys

n
Y

R R
 

  

− −
=

+
,                (59) 

where   is the shear rate, 0  is zero shear rate viscosity, terms S , 
Y  and 

YR  of  

Eq. 59 are given as follows: 

 

0 20
0

0

,  ,   4

3

s Y s Y Y Y Y
Y

S
n R

S

      




= = = + +

+
.           

(60) 

Uniaxial viscosity extension 
,E U

  can be found in the analytical relation 

 ( ) ( )0 00
, exp 2 expY

E U E E Y E Y

Y

 
       

 

−  = − −
  ,                (61) 

where E  is formulated based on Eq. 56 as: 

0

0

E

Y

S

S


 
=

+
. 

Here   is the extensional strain rate [59][108]. The given relations of the Yao model contain 

6 adjustable parameters 0 0 0 0, , , , ,Y Yn S     [105]. 
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4.1.2 Modified Generalized Newtonian Fluid (mGNF) model (Zatloukal 2020) 

The modified Generalized Newtonian fluid (mGNF) constitutive equation modified by 

Zatloukal [109] gives very satisfactory results of steady-state values of shear and extensional 

viscosity and is given by the following form: 

 ( )2 , ,D D L
II III II D = .                (62) 

As can be seen, in this model, the viscosity   does not depend only on the second invariant 

of the deformation rate tensor ( )2
DII tr D=  but also on the third invariant ( )detDII D= and 

the second invariant of the objective velocity gradient tensor ( )2
2LII tr L= , (where tr is the 

trace and det is the determinant of the corresponding tensor. Table 6 shows the values of the 

invariant variables for different types of flows.) The expression for the viscosity is given as 

follows: 

 ( ) ( )1, ,
f

f

D D Z DL
II III II A II −= ,                (63) 

where AZ is physically associated as 

 

2

,

3
Z

E U

A







= .             (64) 

The function f is formulated as 

 
( )1 3/2

1 1
tanh 1 1

tanh12 3

D

L

D

III
f II

II






 


−
   
     

= + + +     
    

     

.                (65) 

The next term of Eq. 63 ( )DII is determined using the Carreau-Yasuda model [59] (without 

the temperature function T , - different models are provided in [46][50]) and is given by 

the following equation: 

 

0

1

11

D n
a a

D

II

II

 
 




 − 

 
 

+ 
= + 

 
  
+  
   

.             

(66) 
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The described CE includes 10 adjustable parameters: 5 parameters ( )0 1, , , ,a n  
   

identifiable from the shear viscosity, 3 parameters ( )2 , ,    identifiable from the uniaxial 

extensional viscosity, and 1 parameter ( )Z   identifiable from planar extensional viscosity. 

The exact meaning of these parameters is provided in [59][109]. 

The analytical expression for the calculation of steady shear viscosity   (neglecting    

term) provided by the modified mGNF model is as follows: 
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and for uniaxial extensional viscosity ,E U   
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GNF models are widely used for the optimization of manufacturing processes such as film 

casting and film blowing and a deeper understanding of different flow instabilities (e.g. 

neck-in [64]) [109]. 

4.2 Viscoelastic constitutive equations 

The CEs describing the behavior of viscoelastic materials (see Section 1.2) can be classified 

according to the form of notation into integral and differential [46][41][106]. In this thesis, 

only two differential equations will be used [103][104], which are introduced bellow. 

4.2.1 Modified White-Metzner model (Barnes and Roberts 1992) 

A simple and analytical modification of the Maxwell model by White and Metzner [111] 

assumes that the viscosity  and relaxation time   are controlled by DII . The 

White-Metzner (WM) model is given in tensor form as follows: 

 ( ) 2 ( )D DII II D   


+ = .                (69) 

Here, 


 is an upper convected time derivative of the stress tensor that can be defined as 
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 ( ) ( ) ( )T TD
L L v L L

Dt t

 
     
 
= − + = +  − +


.                (70) 

If the stress is homogeneous and the flow is steady, the time derivative of the stress 
t




 

and the convective transport term ( )v   are zero values [65]. The WM model can simply 

provide good information about the behavior of the polymer melt in shear flows, but it 

appears to be unusable in extensional flows as it provides unrealistic information about the 

extensional viscosity, which is trending to infinity. This problem was eliminated by Barnes 

and Roberts [112], who modified the WM model based on "the special and highly specific 

forms" [112] of deformation rate dependent viscosity ( )DII  (based on the Carreau-Yasuda 

model [110], but originally the Cross model was used [112]) 
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and deformation rate dependent relaxation time ( )DII  

 ( )
11

EW
D

D

II
K II


 =

+
.             (72) 

In the mWM 0 1, , ,a n  are the 4 shear adjustable parameters, and 1, EWK   are the 

extensional constants, which must be carefully selected ( )1/ 3 / 2EW K   to keep the 

extensional viscosity E   at the finite value [110][112]. Its calculation can be done according 

to the following relationship 
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2 1
1 1

3 3

D D
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D D D D

II II

II II II II

 
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 
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− +

.                
(73) 

The individual invariants are listed in Table 6 based on the extensional flow type. The same 

applies to the shear viscosity  , according to the Carreau-Yasuda model Eq. 67. 

4.2.2 Modified Leonov model (Zatloukal 2003) 

Leonov's original model [113] was in excellent agreement with measurements for many 

polymer melts and solutions in steady shear flows [103]. Leonov based his model on the 

theory of rubber elasticity, using “heuristic thermodynamic arguments” [64]. 
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Leonov [113] thus, he constructed the mathematical relationship of stress tensor    and 

elastic strain (defined by the recoverable Finger tensor 
( )i

c ), in the following  

multi-mode equation (with “i” relaxation mode) 
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where 
( )i

LW  is an elastic potential that depends on the values of the first 
( )

( )

1,
i

i

c
I  and second 
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c
I  invariants of the Finger recoverable tensor 
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c  [44][114] 
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A major disadvantage of the original Leonov model [113] was unrealistic behavior of the 

predicted extensional viscosity E , since its value remains virtually independent on the 

extensional strain rate  . This problem was partially solved in [115], by generalizing the 

elastic potential, 
( )i

LW , into the following form: 
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After deriving the elastic potential, 
( )i

LW , the equation (Eq. 74) can be transformed into the 

following form [114] 
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where iG  is the linear elastic modulus in  (from Hooke’s law [16]), ( )i

L and are ( )i

Ln   

non-linear numeric parameters [114].  
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Leonov's model is based on the premise that fading memory is characterized by an 

irreversible dissipation process that produces an irreversible rate of strain ( )i

p
e  
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where    is the unit tensor, ( )i

Lb  is the dissipation term that controls the dissipation 

process. Elastic strain 
( )i

c  is related to rate deformation D  according to the following 

equation: 
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where 

( )i

c


 is the corotational (Jaumann) time derivative 
( )i

c  [106]. 

The parameter ( )i

Lb proposed in [116] already provided better results for the steady uniaxial 

extensional viscosity curve which however showed “unphysical sharp waviness” [103]. This 

problem was reduced by Zatloukal [103] by modifying the ( )i

Lb as 
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where, ( )i

L  and 
( )i  are dissipation parameters depending on the relaxation time i  and 

are usually determined based on experimental uniaxial extensional viscosity data [103][114].  

The equations for the calculation of individual parameters (such as steady shear viscosity 

and steady uniaxial extensional viscosity) cannot be formulated due to the numerical 

character of the modified Leonov model (mLM). A major advantage of the mLM is its ability 

to describe a large amount of information about the flow behavior of polymer melts (such as 

transient shear viscosity, 1N  and 2 )N  using only the relaxation spectrum [46]. It is also 

widely used in different areas, e.g., in rubber compounding [117], modeling of polymer 

solution rheology [118], or in modeling of the extrusion film casting process [64][114]. 
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5 SUMMARY OF THE STUDIED REASERCH FIELD  

By deriving basic rheological concepts and quantities using continuum mechanics, the 

theoretical part gradually reaches the characteristic flows that occur not only in the 

processing of polymer melts, where the emphasis is placed on elongational flows and related 

topics. The following is a brief performance and comparison of some methods of 

determining extensional viscosity E . The method of their determination, based on 

measuring the entrance pressure drop Δpentr using a capillary rheometer, is discussed 

thoroughly. After discussing the central theme, which will be summarized further, selected 

constitution equations for polymer melts were presented. 

There are two ways of determining the entrance pressure loss (Bagley's plot or using an 

orifice die). Publications that compare them generally agree that the difference Δpentr 

obtained from both methods is within the experimental error [30]. Another influence on the 

general level is found in using an approximation method for obtaining the elongational 

viscosity from the measured Δpentr since different methods can provide different accurate 

results for various materials [71]. 

The intention of the thesis relates to the investigation of the influence of the design of the 

orifice die, i.e., the impact of the geometry of the flow channel on the size of the detected 

entrance pressure drop. Different effects, such as filling die exit region by polymer melt, the 

L/D ratio, the size of the entrance angle α, and the contraction ratio CR, are observed and 

discussed in e.g. [28] [29][85][94][97]. Although Zatloukal and Musil [29] introduced a new 

“FreeFlow” orifice die design to eliminate unwanted filling die exit by the liquids, there is 

one area, which has not been systematically studied yet: the effect of the contraction ratio 

CR or strain on the entrance pressure drop for highly viscoelastic fluids such as polymer 

melts. 

Importance of the strain is pointed out by Rajagopalan [30], who discusses whether the melt 

is given enough time (or Hencky strain) to reach a steady state during contraction flow. Not 

only his numerical simulation shows that whether the melt reaches a steady state during the 

contraction flow is determined not only by the nature of the polymer material but also by the 

size of the Hencky strain, which is characterized by the contraction ratio CR. The influence 

of CR on the size of the Δpentr was also experimentally observed by Kim and Dealy [28] for 

various materials, but to a limited extent and they do not discuss this issue in more depth. 
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Thus, this thesis primarily focuses on the systematic experimental investigation of the effect 

of the change in contraction ratio on the magnitude of entrance pressure drop (i.e. on the role 

of strain during contraction flow) together with other topics related to uniaxial extensional 

viscosity determination from entrance pressure drop measurements.  
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6 AIMS OF THE THESIS 

The main aims of this thesis are defined as follows. Perform systematic high-pressure 

capillary rheometer measurements a using a new multi-part capillary die with zero capillary 

length, allowing to control the contraction ratio CR while maintaining a constant capillary 

diameter. Based on these measurements, evaluate the effect of CR on the measured entrance 

pressure drop for the branched low-density polyethylene melt. Evaluate different methods 

to determine uniaxial extensional viscosity for linear and branched polyolefin melts from 

entrance pressure drop measurements and compare obtained results with independent 

measurements made using the Sentmanat Extensional Rheometer (SER) and Extensional 

Viscosity Fixture (EVF). Select different constitutive equations and evaluate their ability to 

describe the measured shear viscosity and the non-monotonic character of the uniaxial 

extensional viscosity. 
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7 MATERIALS 

The materials used in the experimental part of this thesis were chosen with respect to the 

experiments performed and to best demonstrate the described and investigated issues. In 

more detail, two materials, one branched LDPE and the other linear iPP, whose basic 

parameters are listed in Table 7. 

Table 7 Basic characteristics of the polymer materials used. 

Parameter 
Polymer material 

LDPE  PG 7008 PP-A 

Manufacturer DOW N/A 

Density ρ ( )-3g cm  0.918  0.900 

Melt temperature Tm (°C) 105 165 

Melt Mass-Flow Rate MFR ( )1g 10min−  7.7 A 0.3 B 

Weight average molecular weight Mw  ( )-1g mol  278 400 669 000 

Number average molecular weight Mn ( )-1g mol  15 460 159 000 

Z average molecular weight Mz ( )-1g mol  766 340 1 654 000 

Z+1 average molecular weights Mz+1 ( )-1g mol  1 268 490 N/A 

Index polydispersity (IP = Mw/Mn) (1) 18.01 4.20 

Average number of branches per 1000 total carbon 

LCBf  (1) 
1.89 0 

Zero shear rate (Newtonian) viscosity 0  (Pa·s) 

(at temperature) 

188 000  

(180 °C) 

8 526 C 

(150 °C) 
A The MFR (at LDPE PG 7008) values were determined at a temperature of 190 °C of melt, 

which was acted upon by a weight weighing 2.16 kg. B The MFR (at PP-A) values were 

determined at a temperature of 230 °C of melt, which was acted upon by a weight weighing 

2.16 kg. C Value determined from the discontinues relaxation spectrum (Table 14). 

The above mentioned parameters and other information about the LDPE PG7008 are given 

in the material sheet (Appendix I). The MWD data are of the "absolute" type, measured by 

a combination of GPC, light scattering, and infrared detectors. The MWD curve for this 

material is provided in Fig. 43. Material data for the PP-A including complete molecular 

characteristics are taken from [119] . 
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Figure 42 The molecular weight distribution curve of LDPE PG 7008 (data from DOW) 
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8 EQUIPMENT AND METHODS 

This chapter provides a comprehensive summary of all used equipment and accessories used 

to fulfill this thesis's objectives. The equipment and accessories can be divided into two 

separate parts in which the experiments were carried out. These are the Rosand RH10 

capillary rheometer and the ARES G2 rotary rheometer. 

8.1 Capillary rheometer – Rosand RH10 

The Rosand RH10 is a high-pressure capillary rheometer currently manufactured and 

distributed by the German company Netszch Gerätebau GmbH. This floor standing 

rheometer, characterized by its robust "H" frame construction, is widely used in academia 

and industry to investigate the rheological properties of polymers, coatings, foods, or 

ceramics at various strain rates and temperatures. It can also be used to measure pvT 

diagrams. 

 

Figure 43 Rosand RH10 used in the experiment, a) general view including its accessories, 

b) view of the moving part, c) attachment of the pressure transducer and its connection via 

connector A (of which there are a total of 4 on the device), d) Bottom view of the heated 

barrel, e) Other connection options via connectors: B is for connecting the temperature 

sensor and C is for the heating belt 
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The Rosand RH10, on which experimental measurements were carried out (Fig. 43), consists 

of a working twin-bore heated barrel in which capillary dies are placed, which enables two 

measurements to be taken simultaneously. The motor and the control unit create the pistons' 

movement, which ensures their precisely regulated speed in a wide range with a maximum 

speed of 1200 mm·min-1, and the maximum developed force can reach up to 100 kN. The 

working part of the device (barrel and pistons) is displayed and described in more detail in 

Fig. 44a. Three heating belts heat the three-part ceramic barrel. The exact temperature in 

each of them can be regulated separately because each part has its temperature sensor on the 

back side of the barrel (Fig. 43a). The standard temperature range is up to 400 °C, possibly 

up to 500 °C. When using a cooling barrel (oil cooling), the range is from (5 – 300) °C. To 

determine the pressure drop Δp of the polymer melt, pressure transducers are used, whose 

pressure sensors are mounted in the barrel, and the transducer itself is fixed in a holder and 

connected via connector A to the device according to Fig. 43c. Control of the entire device, 

including setting the measurement conditions, takes place in the SW Flowmaster  

version 8.91.  

The equipment can also include several accessories, in addition to the mentioned capillary 

die (see Section 8.1.1) and pressure transducer (see Section 8.1.2), as well as systems for 

hauling off the extrudate for the Haul-off technique or cutting the melt (Fig. 43a). 

Furthermore, a so-called slit die can be used to measure the first normal stress difference  N1 

via the exit pressure drop Δpexit measurement, or the extrudate swell can be detected and 

quantified using a laser. For these additional systems, the rheometer is equipped with 

mounting holes and a connector for connecting temperature sensors (B) and pressure 

transducer (A) or heating belt (C), as can be seen in Fig. 43e,c. All available technical data 

are listed in the appendices (Appendix II). Further additional information is also provided 

on the manufacturer's website [120]. 

Since the measured pressure drop Δp in the barrel does not provide the actual shear stress on 

the capillary wall 
xy , its value must be derived from the equation of motion of a general 

liquid in pressure driven flow (Fig. 8e) [16][18]. The so-called apparent shear stress at the 

capillary wall 
,xy APP  is introduced and defined as follows: 

 ,
2 2 2

xy APP

p D p
R

L L


 
= = .                (82) 

where the symbols correspond to the illustration (Fig. 19), and R is the radius of the capillary.  

The apparent value of the shear strain rate at the capillary die is given as follows: 
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 3

4
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Q

R



= ,                (83) 

The term “Apparent” is used here because the Eq. 84 represents the shear strain rate at the 

capillary wall only for Newtonian fluids in pressure-driven flow assuming the absence of 

wall slip [46]. Here Q is the volume flow rate defined based on illustration provided in  

Fig. 36 as follows: 

 

2

4

b
b

D
Q A v v


= = .                (84) 

It is important to note that when the flow of polymer melt is fully developed (Fig. 36), the 

shear stress and shear strain rate are independent of the flow distance considering that the 

process is isothermal and the effect of pressure on viscosity can be neglected [46].  

There are methodologies for obtaining real data from given apparent values (Eq. 82, 83) 

using corrections. The two concepts that have already been discussed (the Bagley plot in 

Section 3.1 or using an orifice die in Section 3.2) are used here to calculate the corrected 

shear stress. The corrected shear stress 
,xy corr  is obtained using Eq. 82, in which the total 

pressure drop is replaced by the capillary pressure drop (using Eq. 49 in Chapter 3), leading 

to the following expression: 

 
,

2 2

capend
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R R

L L
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 −
= = .                (85) 

Here the measured total pressure drop Δp is obtained from the long die (considering that the 

Δpend is determined using the orifice die). To obtain the real value of the shear rate at the 

capillary wall from APP  (Eq. 83), the Rabinowitsch correction is most often used, which 

uses the non-Newtonian flow index n defined as 

 
,log( )

log( )

xy corr

APP

d
n

d




= ,                (86) 

where n is the slope of in the corrected shear stress versus the apparent shear rate plot in a 

log-log scale [18]. The corrected shear rate is then given by 
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As mentioned above, capillary rheometry uses many approximation methods to determine 

the elongational rheology of materials. In this work, the following three different 

methodologies were used to calculate the uniaxial extensional viscosity from the entrance 
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pressure drop, Δpentr, measurements: the standard Cogswell analysis, its modification, and 

Gibson analysis. 

The standard Cogswell analysis [24] is based, in contrast to its predecessors, on the 

consideration of inhomogeneous extensional flow, and therefore, when deriving the entrance 

pressure drop Δpentr, he considered the sum of shear and extensional losses  [121]. The 

analysis is based on several assumptions discussed in [24] and the resulting equations are 

provided in Table 8.  

Table 8 A summary table of the Cogswell equations, where the shear variables are given 

by Eqs. 83, 86, 87 (adapted from [24][121]) 

Extensional quantities Equation for uniaxial extensional flow 

Extensional strain 

rate: 

,4

3( 1)

xy corr APP

entrn P

 
 =

+ 
   

Extensional stress: 
( )3 1

8
E entr

n
P

+
=    

Extensional viscosity: 
( )

2 2

,

9 1

32

entrE
E

xy corr APP

n P


  

+ 
= =   

Padmanabhan modified Cogswell's analysis [121]. He proceeded in the same way as 

Cogswell in deriving the modified relations, but with the difference that he relaxed the 

original assumption of constant extensional viscosity during contraction flow and considered 

the power-law dependence of extensional viscosity on the extensional strain rate, according 

to the following equation 

 
1k

E s  −= ,                (88) 

where s and k are the power-law material constants of extensional flow [26][30][121]. The 

parameter k can be determined using a direct equation as follows: 
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d p
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d 


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where k can be determined from the slope of a log-log plot of entrance pressure drop Δpentr 

versus the apparent shear strain rate APP . The resulting equations for calculating extensional 

quantities derived by Padmanabhan are presented in Table 9. It can be observed that when 

the parameter k = 1, the relations change to the original Cogswell equations  (Table 9). 
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Table 9 A summary table of the Padmanabhan-modified Cogswell equations, where the 

shear variables are given by Eqs. 84, 86, 87 (adapted from [121]) 

Extensional quantities Equation for uniaxial extensional flow 

Extensional strain rate: 
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Gibson's analysis is based on sink flow kinematics [71] and thus does not consider the 

presence of corner vortices as in the case of the Cogswell or Binding analysis. Gibson 

considers the flow by forced convergence, i.e., that the melt at all entry angles cannot freely 

choose how to form the convergent region [121]. 

Spherical coordinates with the origin on the axis line in the entry area were considered during 

the derivation. Hereafter, Gibson assumes the power-law dependence of extensional 

viscosity (according to the relation Eq. 88) and shear viscosity as follows: 

 
1n

pm  −= ,                (90) 

where mp and n are power-law shear flow material constants [26][30]. Gibson also assumed 

that extensional flow dominantly influences the entrance pressure drop Δpentr. For this 

reason, it separates the shear part from the measured Δpentr as follows 
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where Δpentr,E is the entrance pressure drop due to elongational flow only. A summary of all 

the assumptions on which Gibson derived the equations listed in Table 10, including their 

derivation, can be found, e.g., in [43][121]. It is important to note that the power-law 

parameter k' is not defined according to (Eq. 89) but as follows 

 
( )
( )

,'
log

log

entr E

APP

d p
k

d 


= ,                (92) 

where k’ can be determined from the slope of a log-log plot Δpentr,E  versus APP . 
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Table 10 A summary table of equations is derived from Gibson's analysis, where the shear 

variables are given by Eqs. 84, 86, 87 (adapted from [26][30]) 

Extensional quantities Equation for uniaxial extensional flow 

Extensional strain  

rate: 
( ) ( )sin 1 cos

4

APP
G


  = +     

Extensional stress: ( )

,

, 3
'

'

2 ( , )
1

3 sin 1 cos

entr E

E G k

n

b

p

R I k

k R




 


=

  
 − + 
  +     

  

Where*: ( ) ( )
' '1 1

' 2

0
( , ) 1 cos sin

k k

G G GI k d


   
− +

= +   

Extensional viscosity: ,
G

E G

G





=   

*Where G  is subtending angle and Rb is radius of barrel.  

8.1.1 Capillary die 

When determining the rheological behavior of the given polymer materials, standard 

capillary dies (long and orifice dies) were used, all listed together with their dimensions in 

Table 12. The technical drawings of all these used capillary dies can be found in the 

appendices (Appendix III). A long capillary die and an orifice die were always used during 

the measurements (Figs. 43, 44). It can be seen (Fig. 44) that the long die is inserted into the 

modified holder. Further, it is essential to note that the orifice dies used are those designed 

by Zatloukal and Musil [29][92] and have already been discussed in section 3.2.1. 

 

Figure 44 Standard capillary dies with a diameter of D = 2 mm 
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Table 11 Used standard capillary dies (long and orifice dies) 

Type of 

capillary die 

Diameter  

D (mm) 

Length of capillary 

L (mm) 

Entry contraction 

angle α (°) 

*Hecky 

strain 
H  (1) 

Orifice die 
2 

0,24 
180 4,0 

Long die 32 

Orifice die 
3 

0,36 
180 3,2 

Long die 42 

* The standard barrel diameter Db = 15 mm is considered in the calculations. 

Furthermore, special capillary dies were used to check and investigate the outlined problems. 

This is a relatively new and non-standard concept of multi-part capillary dies (internally 

referred to as “Strain dies”), which are protected and specified in more detail in the Patent  

[122]. The main parts of the Strain die (Fig. 45) creates a flow channel. It is about a transition 

part Fig. 45a (which is connected directly to the capillary rheometer), a wide barrel Fig. 45b 

(the so-called transformation chamber), and a narrow capillary Fig. 45c (orifice die), which 

enables considerable flexibility when measuring different materials and under various 

conditions. The assembly drawing can be found in the Appendix IV. 

 

Figure 45 The main parts of the used Strain die with all build options. a) Strain die barrels 

with diameters of 25 mm, 40 mm, and 65 mm, b) Orifice die with diameters of 1 mm, 2 

mm, and 3 mm, c) Unchanging transition part. (* Used orifice die in the experiment) 

The Strain die barrel (diameters Dbds, Table 12) significantly increases the size of the flow 

channel, which increases maximum attainable Hencky strain H , residence time and 

character of the extensional flow of the melt before entering the orifice die. In addition, it is 

possible to use up to nine Strain die assembly variants (nine different maximum attainable 

Hencky strains, see Table 12).  
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Table 12 Basic characteristics of the used Strain dies  

*Diameter of the  

orifice die D (mm) 

Diameter of the 

Strain die barrel 

Dbsd (mm) 

Hecky 

strain 
H  

(1) 

Length of Strain die 

barrel Lsd (mm) 

3 

25 4.2 

87 40 5.2 

65 6.2 

* All orifice dies have an entry angle of α = 180° and their lengths are 

identical to those provided in Table 11.  

In Fig. 46, one can observe a specific model of the assembly of the discussed Strain die with 

a description of all parts. During the measurement, a heating belt is tightly connected around 

the outer shell of the transformation barrel. The temperature sensor can be placed in two 

holes with a diameter of 5 mm and three threaded holes (W1/2-20 UNF) located 

perpendicular to the flow direction and used to connect pressure sensors. 

 

Figure 46 Exploded model view of the Strain die 

8.1.2 Pressure transducers 

Pressure transducers are almost the most essential element of a capillary rheometer. For 

accurate recording of the pressure drop during the processing of polymer melts and various 

experiments, systems with a separate sensor and transducer (Fig. 47) must be used, as the 

pressure transducer cannot usually be exposed to temperatures higher than 80 °C (sensor 
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usually up to 400 °C). The sensing principle is based on the detection of pressure through a 

sensitive membrane located at the tip of the pressure sensor (Fig. 47b), which, due to the 

split system, transmits the detected mechanical stress through the transmission fluid (located 

in a closed capillary equipped with flexible armor). The transmission fluid stresses the 

second membrane in the transducer, which converts the detected pressure using the strain 

gauge into a small millivolt (mV) signal, from which the rheometer control system already 

operates. 

 

Figure 47 A pressure transducer system of one of those used in the measurement,  

a) Complete view, where 1 indicates the point of connection to the barrel (on the machine, 

transformation barrel or calibration device), and a shows the connection of the connector 

with the rheometer, b) A view of the sensor tip, equipped with a durable and sensitive 

metal membrane 

The most frequently used transmission fluid was mercury, which has excellent properties, 

but according to legislation, it can only be used for academic purposes in EU countries. 

Therefore, manufacturers have developed many alternatives to replace mercury, including 

e.g., Oil, NaK (sodium-potassium), or Galistan (a liquid metal mixture of indium, gallium, 

and tin). Still, they all have their limitations and are thus an insufficient substitute [123]. 

All used pressure transducers are listed together with their identification parameters and 

range in Table 13. According to the SW capillary rheometer, the resolution of all transducers 

is 10-6 MPa, and their maximum error is associated with a specific  

model series (Appendix V).  
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Table 13 Used pressure transducers with their identification description 

Internal 

designation 
*Model  Serial number 

Range 

(PSI) 

Range 

(MPa) 

250PSI MZ1 M21-8-M-P25D-1-4-D-A58 C 112812-160812 

0-250 0-1.73 

250PSI MZ2 
M21-8-M-P25D-1-4-D-

XMA58 2130X C 
36UC1802745 

250PSI MZ3 M31-8-H-P03M-1-4-D-A58 C 36UF2105818 

250PSI MZ4 M21-8-M-P25D-1-4-D-A58 C 032513-163890 

250PSI_389D V131-RE-CC/GK1/QJ A 127255 

500PSI MZ1 PT422A-5C-6/18 V B 09-20-99816692 

0-500 0-3.45 

500PSI MZ2 
K31-8-M-P05C-1-4-D-S 

2130X000X00 C 
D18040832 

500PSI MZ3 M31-8-M-P05C-1-4-D-A58 C 092812-159210 

500PSI MZ4D 
K31-8-M-P05C-1-D-S  

2130X000X00 C 
D17440727 

 

1500PSI 389D 
K31-8-H-P15C-1-4-D-S  

2130X000X00 C 
22065977 0-1 500 0-10.34 

 

 
*The manufacturers of the pressure transducer are A PG:50, B Dynisco and C Gefran.  
D Calibrated by the transducer supplier, which was Netszch Gerätebau GmbH. Calibration 

curves are Appendix VI (dependencies are shown in red). 

8.1.3 Calibration pressure transducer  

Since the extensional viscosity is very sensitive to small changes in the entrance pressure 

drop, as much effort as possible should be made to accurately identify it [30]. For the most 

accurate detection, especially at low strain rates, pressure transducers must be thoroughly 

calibrated.  

During their production, emphasis is placed on the dependence between the determined 

compressive stress (polymer melt) and the millivolt voltage, which has a linear character. 

However, this only applies to higher values from the sensor's possible range, where so-called 

single-point calibration is sufficient, used for 500 PSI MZ1-4 sensors (Table 13 and 

calibration results are in the Appendix VI). During this calibration, the considered point 

(usually the higher value of the range) will linearly connect to zero pressure, and the slope 

of this linear line is called "gain". However, the problem of single-point calibration occurs 

in the lower part of the sensor range when the mentioned dependence becomes strongly non-

linear and can significantly affect the entire measurement. Multi-point calibration was 
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performed to increase the sensitivity of the pressure transducers 250 PSI MZ1-4 (Table 13). 

The CCS 20 type calibration device from the AM Messgeräte GMBH company was used for 

calibration, shown in the disconnected state in Fig. 48 (also for single-point calibration). It 

is a manual air device that calibrates a pressure transducer up to 2000 kPa (for a larger range, 

an oil device must be used). The calibrated pressure transducer is connected to the calibration 

device in area 1 (Fig. 48) and the capillary rheometer using connector A. 

 

Figure 48 Used calibration device in an unconnected state. a) Indicator with a range  

of (0-2000) kPa, b) Indicator with a range of (0 – 20) kPa, c) View of the main part, i.e., 

the hand pump, which contains the entry for pressure sensor 1, d) Air hose connecting the 

indicator (input/output 2) and hand pump (input/output 3) 
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Calibration points were selected on a logarithmic scale almost throughout the sensor range. 

The percentage error indicates the degree of non-linearity or deviation from the linear 

correction (single point), which can be obtained from the following relationship: 

 
100( )ref trans

trans

p p
Errors

p

−
= , (93) 

where pref is the value displayed on the calibration device on one of the two indicators used 

(Fig. 48a,b), and ptrans is the value identified by the rheometer and shown in its SW, into 

which the calibration points are entered. 

The individual calibration points were obtained according to the following procedure. First, 

it was necessary to ensure that pref and ptrans started from zero by regenerating the 

corresponding pressure value (if the pressure did not stabilize at zero, it was required to use 

the "Gain correction" command in SW Flowmaster). After that, it was possible to generate 

the desired pressure value (Fig. 48c) with the help of pressing levers, which can be more 

precisely set/fine-tuned by the "Pressure regulator" (Fig. 48c). When calibrating pressure 

values above 0.016 MPa, an indicator with a range of (0 – 2000) kPa was used. After 

stabilization, the ptrans value was recorded, and the pressure was released (Fig. 48c). On the 

contrary, for lower pressures in the range (0.001 – 0.016) MPa, the test mode was used as 

for standard measurement but empty (without material and at a constant speed of the pistons  

vx = 10 mm·min-1) due to fluctuations in the measured value. The resulting value was 

obtained as an average of 100 sampling numbers, and an indicator with a range was used to 

calibrate these values (0 – 20) kPa. If, after releasing the pressure in both cases, a zero value 

was not registered (in SW), the value was not written and subsequently repeated in the same 

way. In the case of a low range, the values were repeated at least three times to reduce the 

risk of measurement errors as much as possible. The created calibration curves, which were 

uploaded to SW, for individual sensors, can be found in the Appendix VI. 

It is essential to mention that the calibration occurred at the laboratory temperature (23 °C) 

and not at operating temperature. This mistake is not as serious as it might seem at first 

glance. The reason is that the prime transmission fluid condition is its low thermal expansion 

which mercury completely fulfills, and its alternatives are also trying to achieve the same 

[123]. 
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8.2 Rotational rheometer – Ares G2  

Ares-G2 is the designation of a quality rotational rheometer developed and distributed by 

TA Instruments. It gained popularity mainly because of its accuracy and user-friendliness. 

It makes it possible to determine rheological parameters (modulus, viscosities, etc.) in a wide 

range of conditions for various materials (food, coatings, or polymers). Its most significant 

competitive advantage is the separate system of the motor (controlled quantities, frequency 

 ) and transducer (measured quantities, torque Tq). This technology, abbreviated as SMT, 

prevents results from being influenced by inertial contributions. 

In addition, the Ares-G2 is versatile and capable of performing advanced rheological 

techniques, such as Long Amplitude Oscillation LAOS, analysis of rheological properties 

based on the Fourier transform, etc. Or even Dynamic Mechanical Analysis (DMA). 

 

 

Figure 49 Ares G2 rotational rheometer, a) General view of the device with the computing 

station in the left part (black boxes), b) View of the clamps of the motor and transducer 

parts, c) Inside the Forced Convection Oven (FCO) with ceramic insulation and other 

components 

The Ares – G2 rotational rheometer used is shown in Fig. 49. It consists of a rigid frame, in 

the lower part of which there is a motor part with air bearings and a powerful motor. The 

transducer in the upper area part records the torque and normal stress using sensors with 

different ranges and accuracy. Any calibration of these sensors is carried out using 

calibration tools (calibration fixture, pully, calibration line, and weight) and instructions, 
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which are part of the control software of the TRIOS. The device also includes a Forced 

Convection Oven (FCO), which can work from -160 °C to 600 °C, and up to five 

thermocouples can control the set temperature. The FCO also includes a camera and a LED 

lamp, which together enable the creation of a high-quality recording of measurements in 

real-time. An inert environment can also be created in FCO. It is important to emphasize that 

compressed air of the required purity and pressure range of (0.5 – 0.6) MPa must be 

continuously supplied to the device throughout its operation. Otherwise, severe damage 

could occur to the motor and the transducer. Other parameters related to the equipment used 

can be found in the technical sheet (Appendix VII) or on the manufacturer's website [123]. 

In addition to the already mentioned FCO, some other accessories can be connected to the 

device. The geometries and measurement methods used will be presented further. 

8.2.1 Parallel Plate Geometry  

Measurement using parallel plate geometries can describe polymer melts' Linear 

Viscoelastic (LVE) behavior (Pipkin diagram Fig. 4). Small Amplitude Oscillation Shear 

tests (SAOS) are the most common way to determine these characteristics. In these 

experiments, a polymer sample of the required dimensions is inserted into the gap between 

the plates (Fig. 50). During measurement, the bottom plate oscillates with a certain frequency 

and amplitude (maximum applied deformation or stress) [18][38][123]. 

 

Figure 50 Parallel plate geometries, a) Schematic illustration with a description of 

individual parts, where Tq and Fz are the detected torque and normal force, respectively, 

and   is rotational speed (frequency ω and amplitude γ0 are considered in oscillation 

modes), b) View of the geometry before the start of the test 
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The polymer samples were prepared by pressing from the granulate (the size of the weight 

was 15.6 g) into plates with dimensions (100 x 100 x 1) mm. The granulate was poured into 

a prepared preparation with two PET foils and then put into a heated (150 °C) manual spindle 

press for 5 minutes. After that, the entire preparation was moved to a cold hydraulic press 

and was freely cooled for 5 minutes to a temperature of around 30 °C. Circular samples with 

a diameter of 25 mm were cut out of the produced plates using a table hydraulic press. 

8.2.2 Sentmanat Extensional Rheometer (SER) 

The Sentmanat Extensional Rheometer (SER) is a universal test platform fundamentally 

based on Counter-Rotating Drums (CRD) methods, as discussed in Section 2.5.1. It is a 

precise and very often used method that provides information on the course of the transient 

extensional viscosity of polymer melts as well as elastomers. Its compatibility (according to 

type) with commercially available rotary rheometers is a significant advantage. A more 

thorough description of this device and other information can be found on the website of the 

manufacturer Xpansion Instruments [124] or, for example, in the articles [53][60][80]. 

 

Figure 51 Universal testing platform SER, a) Schematic illustration with a description of 

individual parts, where Tq is the detected torque,   is the constant speed of rotation of the 

drums, and Ld is the distance between them [124], b) A view of the device before the start 

of the experiment test 
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In this work, the third generation of this device, SER3-A (Fig. 51), was used, which, among 

other things, tries to minimize the unwanted effect of gear transmission and bearings. This 

type (SER3-A) is intended for the ARES-G2 rheometer described above. The device consists 

of two parallel rotating drums (master and slave) stored in bearings whose axes have a 

constant distance Ld from each other. The revolutions from the master drum (connected via 

the drive shaft to the motor) are transmitted to the slave drum using a transmission gear. At 

the beginning of the experiment, a polymer sample with defined dimensions is placed on 

heated drums and can be secured by clamps (which were not used during the measurement). 

During the measurement, the rotational movement of the drums is converted to a linear one, 

which stretches the sample. 

The disadvantages of SER are mainly in the small range of extensional rate (Table 1), limited 

Hencky strain, and the sagging of the sample before it is stretched [60][77], which can be 

done with some types of fixtures (SER3-P) by immersing it in silicone oil. On the other hand, 

the most significant advantages are quick and easy testing and the small weight of the test 

sample (Table 1). 

The test specimens were cut from plates with dimensions of (100 x 100 x 0.5) mm, forming 

similarly and under the same conditions as the plates for SAOS (Section 8.2.1). The cutting 

tool firmly defines the samples' width, and the length is chosen according to the experiment's 

needs (However, it must not be less than the distance between the drums Ld). The thickness 

of the sample was measured using a micrometer and entered into the SW rheometer to 

determine the extensional viscosity correctly. 

8.2.3 Extensional Viscosity Fixture (EVF) 

The Extensional Viscosity Fixture (EVF), shown in Fig. 52 forms an alternative to the 

previous SER concept. The device works on a similar principle, with the difference that 

during measurement, the master drum does rotate around its axis but also rotates around the 

axis of the stationary slave drum (which is connected to the transducer part of the rheometer). 

This essentially eliminated the problem of gearing and bearings affecting the measurement, 

so no calibrations are necessary [123]. 

However, it also has its disadvantages, for example in the impossibility of observing the 

stretching of the sample and thus creating a telling record of measurements that can be 

performed up to H = 4 (the limit extensional rate is 
-110 s = [57]). It is also possible to 

discuss whether there is significant bending deformation of the torque shaft (to which the 
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slave drum is attached). This could introduce another slight distortion of the obtained results. 

Further and more detailed information can be found both at the stands of the manufacturer 

TA Instruments [123] or with the calculation equations in the article [57]. It is also important 

to note that during the measurement, as with SER, the temperature inside the FCO is only 

monitored, not the actual temperature of the sample. 

 

Figure 52 Extensional viscosity fixture (EVF), a) Schematic representation with 

description of individual parts, where Tq is the detected torque,   is constant speed of 

rotation, and Ld is the distance between the drums, b) View of the geometry before the start 

of the test 

Polymer samples were taken from the same plates and in the same way as for the 

measurements on SER3-A.  
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9 RESULTS AND DISCUSSION 

Rotational rheometry  

This section discusses the results obtained from measurements on the Ares-G2 rotational 

rheometer, specifically when using the parallel plate geometry (Section 8.2.3).  

All oscillatory measurements were carried out on LDPE PG 7008. First, a strain sweep test 

was performed, which was used to search for the viscoelastic region (LVE - a region where 

the moduli and complex viscosity are independent of the strain). The strain sweep 

measurement was performed at a constant frequency of ω = 10 rad·s-1 (the approximate mean 

value of the device range) and a temperature of 150 °C. The results (Fig. 56) show that the 

LVE region occurs roughly at strains ( 0  = 50 %). Therefore, the standard deformation value 

used for polyolefins ( 0  = 1 %, Fig. 56) could be chosen for the frequency sweep tests. These 

tests were carried out in the entire possible range of frequencies and at four different 

temperatures (130 °C, 150 °C, 170 °C, 190 °C); their results are shown in Figs. 57-60. From 

the shown dependencies, a Master curve (Fig. 61) was constructed using TTS (Time-

Temperature Superposition principle) at a reference temperature of T = 150 °C, from which 

the discontinues relaxation spectrum was obtained (see Table 14). 

Table 14 Parameters of the discontinues relaxation  

spectrum obtained from rotational rheometry. Here λi is relaxation time and  

Gi is relaxation modulus 

i λi (s) Gi (Pa) 

1 0.000077 453945.0000 

2 0.001263 71391.8000 

3 0.005465 36893.6000 

4 0.019583 15801.5000 

5 0.056531 8746.5900 

6 0.157078 4965.1600 

7 0.432648 2538.5300 

8 1.162300 1297.4100 

9 3.664230 597.7880 

10 13.463600 134.3550 

11 62.156400 0.1428 

12 340.471000 0.0052 

*Where i is the number of spectrum modes. Zero shear rate 

viscosity η0 is obtained as the sum of multiples of λi and Gi. 

The master curve was fitted by the Maxwell model (based on relations provided in [38]). 

Maxwell model predictions for oscillatory measurements at different temperatures were 
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made using the temperature shift factor (Table 15) and discontinuous relaxation spectrum. 

Based on the temperature shift factor, an Arrhenius plot (Fig. 62) was compiled and the value 

of the activation energy Ea for the material used was determined. 

Table 15 Temperature shift factor Ta  obtained from 

 Time-Temperature superposition principle (TTS) 

T (°C) Ta  (1) 

130 2.075 

150 1.000 

170 0.530 

190 0.294 

From the above results, it can be concluded that the Maxwell model utilizing the discontinues 

relaxation spectrum has high ability to describe all experimental data performed under shear 

oscillation flow at different temperatures. 

Determination of uniaxial extensional viscosity using SER and EVF 

Transient uniaxial extensional viscosities (i.e. time dependent viscosities) for LDPE material 

PG 7008 at 150 °C for eight different extensional strain rates   were determined using 

devices presented in Section 8.2.2 (SER) and 8.2.3 (EVF). The measured experimental data 

are provided in Figs. 63, 64. The steady-state uniaxial extensional viscosity data was 

subsequently determined from these data at Hencky strains H  of 3.2 (for comparison with 

capillary rheometry) and 4 (which is essentially a limit value). 

The obtained experimental data allow for comparing both devices working on a similar 

principle for specific materials and conditions. It is noticeable that EVF, compared to SER, 

provides lower quality results at low   (Fig. 64). In contrast, the EVF shows a smoother 

measurement record since the SER is loaded by the friction of its mechanism. On most of 

the transient curves summarized in Figs. 63, 64, it is possible to observe (better with EVF) 

a peak, which indicates the wrapping of the material on itself when Hencky strain is higher 

than about 4. 

Description of standard setting of capillary rheometer 

Rheological measurements were performed on a capillary rheometer with a standard setting, 

and a standard capillary dies at different temperatures for two polymer materials (PP-A, 

LDPE PG 7008). 
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Both barrels of the rheometer were filled with polymer samples in the form of granules, in 

such a way as to ensure the greatest possible homogeneity of the melt and to avoid the 

presence of air bubbles. For these reasons, the so-called pre-test was also included, 

consisting of two compression phases combined with two preheating phases (first 

compression - first preheating - second compression - second preheating). The specific 

values of the pre-test are given in Table 16, 17. It is also necessary to mention the pressure 

equilibrium conditions set in the SW, which were tested and for all stated measurement 

results at the standard setting, were as follows: Error = 0.5 %, Window = 16, Average = 16, 

Maximum Samples numbers = 400.  

Comparison of uniaxial extensional viscosity data determined from entrance pressure 

drop measurement (using standard setting) and from Münstedt Tensile Rheometer for 

the linear polymer PP-A 

In this section, the extensional viscosity data for linear PP determined from entrance pressure 

drop measurements and from Münstedt Tensile Rheometer (the device in Fig. 18b) are 

compared.  

 

Figure 53 Extensional viscosity data for PP-A at 180 °C obtained from the Münstedt 

tensile Rheometer used in several publications (Taken and adapted from [75][125]). a) 

Transient uniaxial extensional viscosity ( ),E t +  determined in the range of extensional rate  

  (0.003 – 1) s-1 from which values of steady-state uniaxial extensional viscosities E,U  

were determined, b) Steady-state uniaxial extension viscosity E,U  at different extensional 

rates    
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The experimental data shown in Fig. 53 were digitized using Didger 3 software. A 

comparative measurement was then performed at the same temperature (T = 180 °C) on a 

capillary rheometer with standard settings. Standard capillary dies D = 2 mm (Fig. 44 and 

Table 11) with Hencky strain 
H  = 4 were used during the measurements. A larger 

H  than 

is stated in the comparative papers (
H,max = 3) was chosen in order to guarantee the 

achievement of a high strain even at low APP . The applied shear rate range with the used 

pressure transducers can be found in Table 16. 

Table 16 Shear rate ranges and pressure transducers for extensional viscosity measurement 

from entrance pressure drop data using the standard setting of capillary rheometer (utilizing 

standard orifice die with D = 2 mm) for PP-A. Here APP  is the apparent shear rate and vx 

is the speed piston 

Used pressure transducer 

( )-1 sAPP  ( )1 mm minxv −  pleft  

(on long capillary die) 

pright 

(on orifice die) 

1 500PSI 389 250PSI 389 

21.930 5.848 

12.000 3.200 

6.928 1.848 

4.000 1.067 

2.191 0.584 

1.200 0.320 

0.693 0.185 

* Pre-test conditions: first and second compression (vx = 5.84 mm·min-1, pleft = 2 MPa,  

pright = 0.2 MPa), first heating (3 min at 180 °C), and second heating (5 min at 180 °C). 

Three different methodologies to determine uniaxial extensional viscosity from the 

measured entrance pressure drop were used and the obtained data were compared with 

extensional viscosities determined by Münstedt Tensile Rheometer (see Figs. 65-67). It can 

be seen that the Gibson (Fig. 67) and the modified Cogswell (Fig. 66) approaches yield 

extensional viscosities that are practically the same as those obtained from the Münstedt 

Tensile Rheometer. On the other hand, the original Cogswell's approach overestimates the 

experimental data from the Münstedt Tensile Rheometer as can be seen in Fig. 65. These 

conclusions correspond very well with previous published data on linear polymer melts 

discussed in Section 3.3. The observation that the modified Cogswell can describe 

extensional rheology for linear polymer melts is reported here for the first time.   
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Determination of uniaxial extensional viscosity from entrance pressure drop 

measurement for branched LDPE polymer using standard setting of capillary 

rheometer 

Uniaxial extensional viscosity data for the branched LDPE PG 7008 were determined from 

entrance pressure drop measurements at 150 °C with standard settings and standard capillary 

dies D = 3 mm providing maximum attainable Hencky strain H  = 3.2 according to Eq. 53 

(see Table 11). The applied shear rate range and the pressure transducers used are 

summarized in Table 17. As can be seen, the entire measurement range was divided into 

three sections: low, middle, and high.  

Table 17 Shear rate ranges and pressure transducers for extensional viscosity measurement 

from entrance pressure drop data using the standard setting of capillary rheometer  

 (utilizing standard orifice die D = 3 mm) for LDPE PG 7008 

Measuring  

ranges 

Used pressure transducer 

( )-1 sAPP   ( )1 mm minxv −  pleft  

(on long capillary die) 

pright 

(on orifice die) 

High A, B 1 500PSI 389 500PSI MZ4 

495.113 445.601 

338.052 304.247 

230.031 207.028 

Middle 1 500PSI 389 500PSI MZ4 

147.024 132.322 

100.015 90.013 

68.107 61.297 

46.404 41.764 

Low 500PSI MZ4 250PSI MZ4 

31.625 28.463 

21.555 19.400 

14.678 13.210 

9.993 8.993 

6.818 6.136 

4.643 4.178 

3.162 2.846 

2.154 1.939 

1.468 1.321 

1.000 0.900 
AIndividual values of APP  (apparent shear rate) or vx (speed piston) in the High measuring 

range were measured separately. Pre-test conditions: first and second compression  

(vx = 15 mm·min-1, pleft = 1.4 MPa, pright = 0.15 MPa), first heating (3 min at 150 °C), and 

second heating (5 min at 150 °C). B Some pressure equilibrium conditions were changed 

(namely window and average = 8) due to possible oscillations caused by flow instabilities 

typically occurring at high strain rates. 

The uniaxial extension viscosity 
E,U  was determined using Cogswell, modified Cogswell, 

and Gibson analyses and compared to 
E,U  obtained from SER measurements at the same 
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Hencky strain value 
H  = 3.2 (see Figs. 68-70). EVF was not considered, as the values of 

extensional viscosity from EVF and SER for given Hencky strain was practically the same. 

It can be seen that the original Cogswell analysis provides the best agreement with the 

extensional viscosity data obtained from SER. The modified Cogswell analysis provides 

extensional viscosity with the same slope (at the high strain rates) as the extensional viscosity 

data obtained from SER but it underestimates the strain-hardening compared to the original 

Cogswell analysis. Gibson's analysis was found to significantly underestimates the 

extensional data compared to SER data, which is also in good agreement with the open 

literature. Figure 71 shows again the strain rate dependence of uniaxial extensional viscosity 

obtained from Cogswell analysis (Fig. 68), from which it is visible that up to a certain 

extension rate  , 
E,U  from Cogswell analysis yields smaller extensional viscosity values 

than those obtained from SER at H  = 3.2 (Fig. 68). To investigate this differences, the 

values of H  were determined from transient SER data, which corresponds to the same   

and 
E,U  values determined from the Cogswell analysis. These values were found to be as 

follows H  = 1.5, H  = 2, H  = 2.5, i.e. lower than maximum attainable strain 3.2. 

Considering the validity of the Cogswell methodology, it can be concluded that the true 

value of H  achieved during abrupt contraction flow of branched LDPE melt at low   is 

smaller than maximum attainable strain predicted by Eq. 53. 

In addition, the validity of the Cox-Merz rule can be observed for the tested LDPE, as the 

strain-rate-dependent shear viscosity agrees very well with the frequency-dependent 

complex viscosity, as shown in (Fig. 68-71). 

Investigation of contraction ratio on the entrance pressure drop measurement for 

branched LDPE polymer using modified setting of capillary rheometer (Strain die)  

This section presents and discusses measurements using the Strain dies (listed in Section 

8.1.1). In addition to the explanation of the measurement methodology, the discussions will 

focus on the influence of the contraction ratio (keeping the orifice die diameter constant), 

which is schematically shown in Fig. 54a. 

In addition to the flow channel whose parameters correspond to the values listed in Table 

11, it can be seen that three pressure transducers are attached to the head itself, detecting the 

pressure drop (p2, p3, p4) along almost the entire length of the flow channel. In addition, the 
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pressure drop (p1) in the barrel of the rheometer, to which the die is connected, is also 

measured. 

 

Figure 54 a) Schematic representation of the Strain die head, where the individual 

dimensions correspond to Table 11, 12. The illustration also shows the positions of the 

individual pressure (p1, p2, p3, p4) and temperature (TDie) sensors. b) Realistic view of the 

used Strain die assembly 

The heating belt ensures heating of the Strain die to the desired temperature and is regulated 

using a temperature sensor. The Figs. 54, 55 provide the diagram as well as real photos of 

the connected strain die (Fig. 54b, 55). 

 

Figure 55 Additional views of the attached strain die including a bottom view of the 

orifice (freeflow) die 
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The very concept of the Strain die head allows the use of different diameters of the strain die 

barrel Dbsd, and the diameter of the orifice die D. In this work, the strain die diameter was 

varied, while the orifice die diameter remained unchanged, equal to 3mm (see Table 12 for 

further details). The measurements on the strain were performed for branched LDPE  

PG 7008 at a temperature of 150 °C to maintain clear focus. 

Table 18 Shear rate ranges and pressure transducers for entrance pressure drop 

measurements using the modified setting of capillary rheometer  

 (utilizing the Strain die with varied barrel diameters according to Table 12 while keeping 

the orifice die diameter unchanged D = 3 mm) for LDPE PG 7008 

Measuring  

ranges 

Used pressure 

transducer 
( )-1 sAPP  ( )1 mm minxv −  

High A, B 

p1 = 500PSI MZ4 

p2 = 500PSI MZ1 

p3 = 500PSI MZ2 

p4 = 250PSI MZ3 

445.567 495.074 

304.245 338.050 

207.031 230.034 

Middle 

p1 = 250PSI MZ4 

p2 = 250PSI MZ1 

p3 = 250PSI MZ2 

p4 = 250PSI MZ3 

132.316 147.018 

90.014 100.016 

61.300 68.111 

41.770 46.411 

Low 

p1 = 250PSI MZ4 

p2 = 250PSI MZ1 

p3 = 250PSI MZ2 

p4 = 250PSI MZ3 

28.446 31.606 

19.348 21.498 

13.206 14.673 

9.003 10.003 

6.131 6.813 

4.182 4.647 

2.850 3.167 

1.940 2.156 

1.320 1.467 

0.900 1.000 
AIndividual values of APP  (apparent shear rate) or vx (speed piston) in the High section 

were measured separately. B Only for measurements with Dbds = 65 mm, the high range 

was extended by the value APP = 725 s-1 (vx = 652.593 mm·min-1). 

Measurements were made over a wide range of apparent shear rates using the most sensitive 

pressure transducers (see Table 18). Before the actual measurement, after thorough filling 

the barrel with polymer pellets, a pre-test with the following parameters was applied: first 

and second compression (vx = 25 mm·min-1, p1-4 = 0.15 MPa), first heating (3 min at  

150 °C), and second heating (5 min at 150 °C). These conditions and the entire test were 

manually defined using a script in the rheometer software (see Appendix VIII). The pressure 

equilibrium conditions were set as in the standard setting: Error = 0.5 %, Window = 16, 

Average = 16, Maximum Samples numbers = 400. In order to accommodate the possible 
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pressure oscillation caused by decreased flow stability typically occurring at high flow rates 

(i.e. in the High and Middle range), the pressure equilibrium conditions were changed using 

the following parameters: Window and Average = 8. The other parameters defining the 

pressure equilibrium remained the same. 

Fig. 72 shows a typical example of the time-dependent pressures measured by all four 

pressure transducers in the start-up flow regime using APP  = 230 s-1 and the strain die barrel 

Dbsd = 65 mm. Similarly, Fig. 73 provides a typical example of the time-dependent pressures 

measured for the series of gradually decreased apparent shear rates (full Middle range, see 

Table 18). In both cases, it is clearly seen that p1 is higher than p2-4. The magnitude of this 

difference is associated with the energy consumed for polymer melt transport from a narrow 

to a wide flow channel (in this particular case, from a 15mm diameter circular channel to a 

65mm diameter circular channel). In addition, the results indicate that the flow in the strain 

die is fully developed and there is minimal pressure drop inside the Strain die barrel as can 

be deduced from the values of p2-4 which very close to each other. 

Steady-state pressure values for each pressure transducer and given apparent shear rate were 

obtained from the pressure-time dependencies using predefined equilibrium conditions. 

These values for different barrel diameters (15mm, 25mm, 40mm, 65mm) and different 

pressure transducers are shown in Figs. 74-77. Interestingly, there is clear evidence that for 

the LDPE sample tested and for a given temperature, the pressure drop decreases with 

increasing barrel diameter. This indicates that first, the actual value of the Hencky strain H  

does not reaches the maximum attainable strain defined by Eq. 53. Second, the actual Hencky 

strain can decrease with increased contraction ratio CR (defined as the ratio of barrel diameter 

to orifice die diameter) even if the maximum attainable strain increases with CR according to 

Eq. 53. This could be explained by the presence of a vortex, typically found in sudden 

contraction flows for branched polymers such as LDPE, which could change its shape and 

size with an apparent shear rate that has strong impact on the actual shape and entrance angle 

of the convergence channel significantly narrowing the flow channel in comparison with the 

flow geometry given by the Strain die walls. Increased residence time due to increased CR 

allowing extensional stress relaxation during the sudden contraction flow could be another 

important factor causing that overall strain is reduced. Thus, the Weissenberg number 

(defined by Eq. 13) determined in the barrel and at the entrance region could be a useful 

parameter to quantify these effects. 
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In order to capture the effect of CR on the measured pressure drop, it was possible to apply 

a simple horizontal shift 
ka for all pressure curves (by choosing Db = 15 mm as the reference 

value) and generate master curves that are shown in Figs. 78-81. 

Table 19 ak values from shift analysis together with contraction ratio CR values for 

individual barrel diameters (Dbsd is barrel strain die, and Db is standard barrel) 

Pressure transducer Db or Dbsd (mm) CR (1) ak (1) 

p2 

15 5 1.0000 

25 8.3 0.8458 

40 13.3 0.7620 

65 21.7 0.4637 

p3 

15 5 1.0000 

25 8.3 0.8375 

40 13.3 0.7574 

65 21.7 0.4544 

p4 

15 5 1.0000 

25 8.3 0.8061 

40 13.3 0.7216 

65 21.7 0.4323 

The obtained horizontal shifts ak were plotted for each pressure p2-4 as a function of the 

contraction ratio CR. It was found that ak linearly scales with CR as can be visible in Figs. 82-

84. Table 19 summarizes all input data to construct these dependencies. 

Knowledge of the presented master curves and the ka  versus CR dependencies for given 

material and flow conditions opens up new possibilities for correcting the measured entrance 

pressure drop data in order to more accurately determine extensional viscosities. 

Modeling of measured rheological data for LDPE PG7008 using different constitutive 

equations 

In this section, the measured rheological data for LDPE PG7008 were used to investigate 

the ability of the various constitutive equations presented in Chapter 4 to simultaneously 

describe shear viscosity and uniaxial extensional viscosity data exhibiting a very strong non-

monotonic character. For this purpose, the following constitutive equations were chosen: 

modified Leonov model, Yao model, modified White-Metzner (mWM) model, and modified 

Generalized Newtonian (mGNF) model. Note that the analysis here is not performed for the 

linear polymer PP-A, as it shows a simple monotonic decrease in uniaxial extensional 
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viscosity with increased strain rate, which is not a challenging task for the selected 

constitutive equations as reported in the open literature. 

Measured shear data from a rotary (based on Cox-Merz Rule) and capillary (standard setting) 

rheometer and extensional viscosity data from SER taken at the Hecky strain 
H  = 4 were 

used to test selected constitutive equations. The fitting error was expressed for each model 

using the Root Mean Squared Error (RMSE), which is defined by the following relation: 

 ( ) ( )
2

1

1
log log

n

m,i p ,i

i

RMSE n n
n =

 = −
  ,                (94) 

where n is the total number of values in the set, m,in  is the measured value, and 
p,in  is the 

predicted value [21]. 

A comparison between the experimental data and model fits/predictions are provided in Figs. 

85-88 and corresponding model parameters (along with RMSE) are given in Tables 20-23. 

Steady shear and uniaxial extensional viscosities were used to identify the parameters of 

mWM, mGNF, and Yao models, while in the case of the modified Leonov model, 

discontinues relaxation spectrum obtained from SAOS (see Table 14) was used as the fixed 

values, and all remaining nonlinear parameters were identified only on steady uniaxial 

extensional viscosity data. 

Table 20 Parameters of the modified Leonov model for LDPE PG 7008 at 150 °C 

(
,L in =

,L i = 0) 

i λi (s) Gi (Pa) ,L i (1) 
i (1) RMSE (1) 

1 0.000077 453945.0000 0 0.1000 

0.04130 

 

2 0.001263 71391.8000 0 0.1000 

3 0.005465 36893.6000 0 0.1000 

4 0.019583 15801.5000 0 0.1000 

5 0.056531 8746.5900 0 0.1000 

6 0.157078 4965.1600 0 0.1 

7 0.432648 2538.5300 0 0.1 

8 1.162300 1297.4100 0.320 0.0015 

9 3.664230 597.7880 0.350 0.0010 

10 13.463600 134.3550 0.302 0.0003 

11 62.156400 0.1428 0.250 0.00000015 

12 340.471000 0.0052 0 0 
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Table 21 Parameters of the Yao model for LDPE PG 7008 at 150 °C.  

0  (Pa·s) 
Y  (s) 

Y  (1) 
0S  (1) 

0  (1) 
0n  (1) RMSE (1) 

8 526.63 63.4341 0.5410 2.9221  0.9941 0.8020 0.06696 

Table 22 Parameters of the modified White-Metzner (mWM) model for LDPE PG 

7008 at 150 °C ( )1/ 3 / 2EW K  .  

0  (Pa·s) 1  (s) a (1) n (1) EW  (s) 1K  (1) RMSE (1) 

8 526.63 0.7068 0.5757 0.3860 55.5658 65.9813 0.07069 

Table 23 Parameters of the modified Generalized Newtonian fluid (mGNF) model for 

LDPE PG 7008 at 150 °C where  = , AZ = 10-8 Pa·s (taken from [109]) , 0Z = .  

0  (Pa·s) 1  (s) a (1) n (1) 2  (s)   (1) RMSE (1) 

8 526.63 0.5672 0.3663 0.5418 1.2959 0.033 0.08376 

As can be seen, all constitutive equations used have high ability to describe the measured 

data. Although the differences between the models are small, their ability to describe the 

measured rheological data according to RSME decreases in the following order: modified 

Leonov model (RMSE = 0.04130), Yao model (RMSE = 0.06696), mWM model (RMSE = 

0.07069) and mGNF model (RMSE = 0.08376). 
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Figure 56 Complex viscosity η*, Storage G’ and Loss G’’ moduli obtained from the Strain 

sweep test at a constant value of the frequency ω = 10 rad·s-1 (rheometer range mean) and 

a temperature of 150 °C for the LDPE PG 7008. The dashed line represents the  

value ( 0  = 1 %) used in the frequency sweep test. 

 



TBU in Zlín, Faculty of Technology 106 

 

 

Figure 57 Comparison between the frequency dependent Complex viscosity η*, Storage G’ 

and Loss G’’ moduli and the Maxwell model predictions (using discontinues relaxation 

spectrum) for LDPE PG 7008 at 130 °C 
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Figure 58 Comparison between the frequency dependent Complex viscosity η*, Storage G’ 

and Loss G’’ moduli and the Maxwell model predictions (using discontinues relaxation 

spectrum) for LDPE PG 7008 at 150 °C 
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Figure 59 Comparison between the frequency dependent Complex viscosity η*, Storage G’ 

and Loss G’’ moduli and the Maxwell model predictions (using discontinues relaxation 

spectrum) for LDPE PG 7008 at 170 °C 
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Figure 60 Comparison between the frequency dependent Complex viscosity η*, Storage G’ 

and Loss G’’ moduli and the Maxwell model predictions (using discontinues relaxation 

spectrum) for LDPE PG 7008 at 190 °C 
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Figure 61 Master curve obtained by time-temperature superposition principle (TTS) using 

the measured frequency dependent Complex viscosity η*, Storage G' and Loss G'' 

provided in Figs. 57-60 for LDPE PG 7008 at 190 °C. Solid line represents the Maxwell 

model fits using discontinues relaxation spectrum 
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Figure 62 Arrhenius plot showing shift factor Ta  as a function of temperature for LDPE 

PG 7008 together with the calculated flow activation energy Ea (where R is the universal 

gas constant) 
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Figure 63 Transient uniaxial extensional viscosity ( ),E t +  versus time t in the range of 

extensional strain rate   (0.01 – 17.8) s-1 for LDPE PG 7008 at 150 °C with marked 

values at two Hencky strains H . The data was obtained using a Sentmanat Extensional 

Rheometer (SER) 
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Figure 64 Transient uniaxial extensional viscosity ( ),E t +  versus time t in the range of 

extensional strain rate   (0.01 – 20) s-1 for LDPE PG 7008 at 150 °C with marked values 

at two Hencky strains H . The data was obtained using an Extensional Viscosity Fixture 

(EVF) 
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Figure 65 Shear   and uniaxial extensional viscosity E,U  versus shear   and extensional 

strain rate   obtained from pressure drop measurements on capillary rheometer using 

Cogswell analysis for PP-A at 180 °C. Full squares represents corresponding uniaxial 

extensional viscosity data from the Münstedt tensile rheometer  
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Figure 66 Shear   and uniaxial extensional viscosity E,U  versus shear   and extensional 

strain rate   obtained from pressure drop measurements on capillary rheometer using 

modified Cogswell analysis for PP-A at 180 °C. Full squares represents corresponding 

uniaxial extensional viscosity data from the Münstedt tensile rheometer 
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Figure 67 Shear   and uniaxial extensional viscosity E,U  versus shear   and extensional 

strain rate   obtained from pressure drop measurements on capillary rheometer using 

Gibson analysis for PP-A at 180 °C. Full squares represents corresponding uniaxial 

extensional viscosity data from the Münstedt tensile rheometer 
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Figure 68 Shear   and extensional uniaxial viscosity 
,E U  versus shear   and extensional 

strain rate   measured on a capillary rheometer using Cogswell analysis (using standard 

setting), which are compared to values obtained from the Sentmanat extensional rheometer 

(at Hencky strain H 3 2. = ) and SAOS data using the Cox-Merz rule  

for LDPE PG 7008 at 150 °C 
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Figure 69 Shear   and extensional uniaxial viscosity 
,E U  versus shear   and extensional 

strain rate   measured on a capillary rheometer using modified Cogswell analysis (using 

standard setting), which are compared to values obtained from the Sentmanat extensional 

rheometer (at Hencky strain H 3 2. = ) and SAOS data using the Cox-Merz rule  

for LDPE PG 7008 at 150 °C 
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Figure 70 Shear   and extensional uniaxial viscosity 
,E U  versus shear   and extensional 

strain rate   measured on a capillary rheometer using modified Gibson analysis (using 

standard setting), which are compared to values obtained from the Sentmanat extensional 

rheometer (at Hencky strain H 3 2. = ) and SAOS data using the Cox-Merz rule  

for LDPE PG 7008 at 150 °C 
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Figure 71 Shear   and extensional uniaxial viscosity 
,E U  versus shear   and extensional 

strain rate   measured on a capillary rheometer using Cogswell analysis (using standard 

setting), which are compared to values obtained from the Sentmanat extensional rheometer 

(at Hencky strain H 3 2. = ) and SAOS data using the Cox-Merz rule  

for LDPE PG 7008 at 150 °C The marked points represents the Hencky strain values H , 

determined from SER measurements provided in Fig. 63 
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Figure 72 The time-dependent pressures measured by all four pressure transducers in the 

start-up flow regime using APP  = 230 s-1 using the strain die with barrel diameter 65 mm 

and orifice die diameter 3 mm for LDPE PG 7008 at 150 °C. 
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Figure 73 The time-dependent pressures measured for the series of gradually decreased 

apparent shear rates (full Middle range, see Table 18) using the Strain die with barrel 

diameter 65 mm and orifice die diameter 3 mm for LDPE PG 7008 at 150 °C. 
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Figure 74 Entrance pressure drop Δpentr (data from the pressure transducer p1) versus 

apparent shear rate 
APP  for different barrel diameters for the apparent shear rate range 

defined in Table 18 for LDPE PG 7008 at 150 °C. Unfilled symbols represent the presence 

of melt rupture flow instability. Here Dbsd is barrel diameter of the Strain die, and Db is 

standard barrel diameter. 
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Figure 75 Entrance pressure drop Δpentr (data from the pressure transducer p2) versus 

apparent shear rate 
APP  for different barrel diameters for the apparent shear rate range 

defined in Table 18 for LDPE PG 7008 at 150 °C. Unfilled symbols represent the presence 

of melt rupture flow instability. Here Dbsd is barrel diameter of the Strain die, and Db is 

standard barrel diameter.  
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Figure 76 Entrance pressure drop Δpentr (data from the pressure transducer p3) versus 

apparent shear rate 
APP  for different barrel diameters for the apparent shear rate range 

defined in Table 18 for LDPE PG 7008 at 150 °C. Unfilled symbols represent the presence 

of melt rupture flow instability. Here Dbsd is barrel diameter of the Strain die, and Db is 

standard barrel diameter. 
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Figure 77 Entrance pressure drop Δpentr (data from the pressure transducer p4) versus 

apparent shear rate 
APP  for different barrel diameters for the apparent shear rate range 

defined in Table 18 for LDPE PG 7008 at 150 °C. Unfilled symbols represent the presence 

of melt rupture flow instability. Here Dbsd is barrel diameter of the Strain die, and Db is 

standard barrel diameter. 
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Figure 78 Master curve for p1 (from LDPE PG 7008 data at 150 °C provided in Fig. 74) 

obtained using the horizontal shift factor ak. The standard barrel diameter Db= 15mm was 

chosen as a reference value. Here Dbsd is barrel diameter of the Strain die. 
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Figure 79 Master curve for p2 (from LDPE PG 7008 data at 150 °C provided in Fig. 75) 

obtained using the horizontal shift factor ak. The standard barrel diameter Db= 15mm was 

chosen as a reference value. Here  Dbsd is barrel diameter of the Strain die. 
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Figure 80 Master curve for p3 (from LDPE PG 7008 data at 150 °C provided in Fig. 76) 

obtained using the horizontal shift factor ak. The standard barrel diameter Db= 15mm was 

chosen as a reference value. Here  Dbsd is barrel diameter of the Strain die. 
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Figure 81 Master curve for p4 (from LDPE PG 7008 data at 150 °C provided in Fig. 77) 

obtained using the horizontal shift factor ak. The standard barrel diameter Db= 15mm was 

chosen as a reference value. Here  Dbsd is barrel diameter of the Strain die. 
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Figure 82 Shift factor ak versus contraction ratio CR for p2 along with a linear fit for LDPE 

PG 7008 at 150 °C  

0.03082 1.1403y x= − +

2 0.9819R =
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Figure 83 Shift factor ak versus contraction ratio CR for p3 along with a linear fit for LDPE 

PG 7008 at 150 °C  

2 0.9792R =

0.03123 1.1397y x= − +
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Figure 84 Shift factor ak versus contraction ratio CR for p4 along with a linear fit for LDPE 

PG 7008 at 150 °C  
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Figure 85 Shear   and uniaxial extensional viscosity 
,E U  versus shear   and extensional   

strain rate   measured on capillary and rotational rheometer for LDPE PG 7008 at 150 °C, 

with modified Leonov model fit and prediction. 
,E U  was taken from SER at Hencky strain 

H 4   
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Figure 86 Shear   uniaxial extensional viscosity 
,E U  versus shear   and extensional   

strain rate   measured on capillary and rotational rheometer for LDPE PG 7008 at 150 °C, 

with Yao model fit  
,E U  was taken from SER at Hencky strain H 4   
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Figure 87 Shear   and uniaxial extensional viscosity 
,E U  versus shear   and extensional   

strain rate   measured on capillary and rotational rheometer for LDPE PG 7008 at 150 °C, 

with modified White-Metzner (mWM) model fit . 
,E U  was taken from SER at Hencky 

strain H 4   
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Figure 88 Shear   and uniaxial extensional viscosity
,E U  versus shear   and extensional   

strain rate   measured on capillary and rotational rheometer for LDPE PG 7008 at 150 °C, 

with modified Generalized Newtonian Fluid (mGNF) model fit. 
,E U  was taken from SER 

at Hencky strain H 4   
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CONCLUSION 

Systematic high-pressure capillary rheometer measurements were performed for branched 

LDPE melt at wide range of strain rates using a new multi-part capillary die with zero 

capillary length ("Strain die"), allowing to control the contraction ratio CR while maintaining 

a constant capillary diameter. It was discovered that for the investigated polymer and flow 

condition used, the measured entrance pressure drop surprisingly decreases with the 

increasing CR. This indicates that the magnitude of the current Hencky strain H  during 

abrupt contraction flow is less than its maximum attainable value. The reduction in strain 

magnitude during flow can be attributed to excessive corner vortices size, which actually 

reduces the flow geometry cross-section, or excessive residence time, which increases the 

level of wasted Hencky strain H . From the measured data collected from all connected 

pressure transducers at different CR values, a single Master curve could be created using a 

simple horizontal shift factor ka . This indicates that the measured entrance pressure data 

could be corrected using the ka , which would make the determination of extensional 

viscosity more accurate.  

Various methods were evaluated for the determination of uniaxial extensional viscosity for 

linear and branched polyolefin melts from entrance pressure drop measurements. For a linear 

PP melt, the uniaxial extensional viscosity obtained using the Gibson analysis was found to 

show good agreement with experimental data from the Münstedt Extensional Rheometer, 

while the original Cogswell analysis gave overestimated results. Interestingly, the modified 

version of Cogswell’s analysis proposed by Padmanabhan gave good results, comparable to 

Gibson's analysis. For branched LDPE, Cogswell's analyses showed much better agreement 

with the experimental data obtained from Sentmanat Elongation Rheometer (SER) than 

Gibson's analysis that underestimated dependencies the SER data. It was found that the 

maximum attainable Hencky strain H,max  can only be reached at high extensional strain 

rates, but at low strain rates (i.e. in the strain hardening region), it seems that the actual values 

of the Hencky strain H  are lower than  H,max . This conclusion is based on a direct 

comparison of the extensional viscosities obtained from the Cogswell analysis and the 

Sentmanat Elongation Rheometer (SER) at the same extensional strain rate and the 

assumption that the Cogswell analysis is valid. 
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From the Sentmanat Extensional Rheometer (SER) and Extensional Viscosity Fixture (EVF) 

measurements, it was found that the SER provides a less smoother stress-over-time record 

than the EVF due to the presence of friction in its motion mechanism. On the other hand, it 

seems to provide more reliable data at very low strain rates. 

Four different advanced constitutive equations (namely modified Leonov model, Yao model, 

modified White-Metzner model, and modified Generalized Newtonian model) were selected 

and tested to understand their ability to describe the shear viscosity and the non-monotonic 

character of the uniaxial extensional viscosity. It was shown that all four models have very 

high ability to describe the relevant experimental with sufficient accuracy, which supports 

the validity of the measured data and the physical background of the models used. 
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LIST OF ABBREVIATIONS 

List of symbols: 

 x, y, z axes of the Cartesian coordinate system (1) 

  total stress tensor (Pa) 

 p pressure (Pa) 

  extra stress tensor, without p (Pa) 

xx yy yy, ,    normal stress (Pa) 

xy yz zx, ,    combined shear stress (Pa) 

ER  extension ratio (1) 

ds  infinitesimal distance (m) 

  scalar deformation (1) 

  strain tensor (1) 

u  displacement vector (m) 

 d infinitesimal strain tensor (1) 

  nabla operator (vector quantity) (m-1) 

g  relative displacement gradient tensor (1)  

  rotation tensor (1) 

v  velocity vector (m·s-1) 

L  velocity gradient tensor (s-1) 

W  vorticity tensor (s-1) 

TL  transposed velocity gradient tensor (s-1) 

D  strain rate tensor (s-1) 

  relaxation time (s) 
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  characteristic flow time (s) 

  shear rate (s-1) 

De Deborah Number (1) 

Wi Weissenberg number (1) 

0  shear strain amplitude (1) 

  oscillation frequency (rad·s-1) 

  shear strain (1) 

 t time (s) 

1 2N ,N  first and second normal stress differences (Pa) 

0  zero shear rate (Newtonian) viscosity (Pa·s) 

  viscosity dependent shear rate (Pa·s) 

1 2 =  first and second normal stress difference coefficients (Pa) 

( ),t +  transient shear viscosity growth on time (Pa·s) 

, ,x z  cylindrical coordinates (1) 

 αco cone angle (°) 

0l  original length (m) 

l  length after deformation (m) 

  extensional rate (s-1) 

 m Meissner’s parameter (1) 

 F force (N) 

E ,U  uniaxial extensional stress  (Pa) 

E ,U  uniaxial extensional viscosity  (Pa·s) 

Tr Trouton ratio (1) 

E ,B  biaxial extensional stress  (Pa) 
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E ,B  biaxial extensional viscosity  (Pa·s) 

E ,P  planar extensional stress  (Pa) 

E ,P  planar extensional viscosity  (Pa·s) 

( ),E t +  transient uniaxial extensional viscosity (Pa·s) 

,0 ( , )E t   linear viscoelastic envelope for transient extensional viscosity (Pa·s) 

0 ( , )t   linear viscoelastic envelope for transient shear viscosity (Pa·s) 

i  relaxation time in the “i” relaxation mode (s)  

iG  relaxation modulus in the “i” relaxation mode (s) 

R  Rouse time (s) 

0  Macroscopic relaxation time (s) 

iRW  Rouse-Weissenberg number (1) 

R S  Rouse stress relaxation time (s) 

,E U 
 uniaxial extensional viscosity in the second Newtonian plateau (Pa·s) 

 M molecular weight      (g·mol-1) 

 Mc critical molecular weight            (g·mol-1) 

GR  gas constant ( )1 1

G 8.314 J K molR − −=    (
1 1J K mol− −  ) 

 T thermodynamic temperature            (K)  

 ρ density (kg·m3) 

Ma  exponent dependent on Mc (1)  

Δpentr  entrance pressure drop (Pa) 

bD  barrel diameter (m) 

D  capillary die diameter (m) 

L capillary die length (m) 
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  entry contraction angle (°) 

xv  piston displacement speed (m·s-1) 

Δpcap capillary pressure drop (Pa) 

Δpend  end pressure drop (Pa) 

Δpexit  exit pressure drop (Pa) 

Δp  total pressure drop (Pa) 

L/D the ratio of the length to the diameter of the capillary die (1) 

APP  apparent shear rate  (s-1) 

entr  apparent entrance viscosity  (Pa·s) 

Q volumetric flow rate (m3·s-1) 

Ab cross-sectional area of the barrel (Fig. 35) (m2) 

Ac cross-sectional area of the capillary die (Fig. 35) (m2) 

vz,b mean velocity in the barrel (Fig. 35) (m·s-1) 

vz,c mean velocity in the capillary (Fig. 35) (m·s-1) 

CR  contraction ratio (1) 

PTT   parameters PPT model  (1) 

,0ENT  zero apparent entrance viscosity (Pa·s) 

( / )TrL D  effective entry length correction (1) 

, maxE U  maximum uniaxial extensional viscosity (Pa·s) 

DII  second invariant of the strain rate tensor D  (s-2) 

DIII  third invariant of the strain rate tensor D  (s-2) 

L  objective velocity gradient tensor (s-1) 

W  objective vorticity tensor (s-1) 
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LII  second invariants of the objective velocity gradient L  (s-2) 

G  linear elastic modulus (Pa) 

B

 generalized Finger tensor (Pa) 

0G  initial elastic modulus (Pa) 

0 0 0, , ,Yn S   dimensionless parameters of the Yao model (1) 

Y  relaxation time specific for Yao model (s) 

tr , det  trace and the determinant of the corresponding tensor (1) 

T  temperature function (1) 

AZ the mGNF model fixed parameter (Pa·s) 

  infinite viscosity in the mGNF model (Pa·s) 

a  dimensionless parameters of the Carreau-Yasuda model (1) 

 n index of non-Newtonian flow behavior (1) 

1  shear relaxation time in the Carreau-Yasuda model (s) 

,   dimensionless parameters of the mGNF model (1) 

2  relaxation time specific for mGNF model (s) 

Z  planar extensional viscosity parameter (mGNF model) (1) 




 upper convected time derivative (Pa·s-1) 

1, WMK   extensional viscosity parameters of the mWM model (s) 

( )i
c  recoverable Finger tensor (1) 

( )

( )

1,
i

i

c
I ,

( )

( )

2,
i

i

c
I  first invariant Finger recoverable tensor (1) 

  unit tensor (1) 

( )i

Lb  the dissipation term of the Leonov model (s-1) 
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( )i

LW   elastic potential in the Leonov model (Pa) 

( )i

p
e  irreversible rate of strain of Leonov model (s-1)

( )i

L , ( )i

Ln  non-linear parameters of Leonov model (1) 

( )i

L , 
( )i   dissipation parameters of the Leonov model (1) 

( )i

c


  corotational (Jaumann) time derivative 
( )i

c  (s-1) 

R  radius of the capillary (m) 

,xy corr  corrected shear stress  (Pa) 

s, k  power-law constants for extensional flow (1) 

mp, n power-law constants for shear flow (1) 

Δpentr,E  entrance pressure drop due to elongational flow (Table 10) (Pa) 

G  geometry subtending angle  (°) 

Rb  barrel radius (m) 

Dbds Strain die barrel diameter (m) 

Lsd length of Strain die barrel  (m) 

pref reference pressure on the calibration device (Pa) 

ptrans the calibrated pressure identified by the rheometer  (Pa)  

Tq torque (N.m) 

   rotational speed (plate and shaft) (s-1)  

Ld distance between drums (m) 

Ea flow activation energy (J·mol-1) 

pD  parallel plate diameter       (m) 

Ta  temperature shift factor (1) 

p1, p2, p3, p4 pressures from the individual transducer of the Strain die (Pa) 

TDie Strain die temperature (°C) 
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pright pressure identified by the transducer on orifice die (Pa) 

 pleft pressure identified by the transducer on long capillary die (Pa) 

 G’ storage modulus (Pa) 

 G’’ loss modulus (Pa)  

 η* complex viscosity (Pa·s) 

 ak  shift factor (1) 

 2R  correlation coefficient (1) 

 List of abbreviations: 

LVE Linear Viscoelastic Envelope 

RME Rheometric Melt Extensional 

MTR Münstedt Tensile Rheometer  

CaBER Capillary Breakup Extensional Rheometry  

FSR Filament Stretching  

CRD Counter-Rotating Drums  

MERA  Meissner Extensional Rheometry Accessory 

SER Sentmanat Extensional Rheometer  

EVF Extensional Viscosity Fixture  

CSER Cross-Slot Extensional Rheometer  

FEM Finite Element Method 

K-BKZ Kaye-Bernstein-Kearsley-Zapas model 

PTT  Phan-Thien-Tanner model 

CE  Constitutive equations  

GNF Generalized Newtonian fluid model  

mGNF modified Generalized Newtonian fluid model  

WM White-Metzner model 

mWM modified White-Metzner model 
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FCO Forced Convection Oven (Ares G2) 

SW Software 

LAOS Long Amplitude Oscillation Shear 

DMA Dynamic Mechanical Analysis 

SAOS Small Amplitude Oscillation Shear 

TTS  Time-Temperature superposition 

RMSE Root Mean Squared Error  

Polymer abbreviations: 

PS Polystyrene 

LDPE Low Density Polyethylene 

PP Polypropylene 

LLDPE Linear Low Density Polyethylene 

mLLDPE metallocene Linear Low Density Polyethylene 

HDPE High Density Polyethylene 

PA 6.6 Polyamide (Nylon) 

PET Polyethyleneterephthalate 
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